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EKripke-definable ordinals

( P. Minari - Firenze )

0. It is known (see e. g.{4]) that in propositlo-

- nal K.(ripke)semantic it holds:

PROP. 0.0 For every n21 there is a (negation-

free) formula Wn(z p\/nv (p——»p1+1 = Tn—l of [11)
with the property: it is valid in every K.model
on the poset M = DO J:f with msn, and has a

K.countermodel on M+i = ?_ﬁi ."_*2 Ce

But also (as a consequence of the K.characteri-
zation with f.m.p. for Dummett's logic IC):
PROP, O.1 For nohordinal t>w there is a formula
Wy with the above property (w.r. tog).

Our aim is to invéstigate on this kind of con-
nection between ordinals and formulas in first
order K.semantic.

1. We use a first order languege I with denumera-
1,...-for
nzo. A K.frame is a triple F = (P,<,V) where (P,<)
is & poset and V a domain function on it. K.rea-
lizations ¢ for T on F and the forcing relation =
are defined as usual. I*F is the set of all I~-sen-
tences o s.t. grw for every ¢ on F; L*C (C & class
of K;frames) is ﬁZBL F. By »,v.§% ... (myn,s...)"
we denote ordinals (finite); by 4 their usual or-

der relation. If p#o, (u,4) is the poset of all
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. Further, for so:
- 11 = {<p,<, V] 0341%.(13,5 (%)}
= {KP,<,Vvpelx;1| V is constant } .
- [2T+s] = . . = . .
[<g;] éqﬁgnul , [<%;Conl ;:Fé[ﬂ,Con]
Recall the special case of Cantor Normal Form Thm,:

PROP. 1.0

V<p ordered by <

- [%;Conl

Vg(o<§<w—+3"n,m1...m 20,m zl t= o -m _+
+ oft I F e +w.m ). In short: c(g) =
= n,mo,ml...mn .
2. Looking at-Prop.0.0, we say:
DEF. 2.0 ‘An ordinal gyo is K.definable iff the-
re exists a I-sentence Wi s.t. Wy eL'ly;1~ITe+1;1.

- Our first claim is a positive one (compare it
with Prop.0.0):
"THEOREM 2.1 If o<}t<«’then t is K.definable.

The suitable Wg's are defined as follows:

(2) For n:1 and k20, AY is the I~sentence:

k

n 3] ]
«sz__ x,.,P.,, X,..Xn ~>Vx4..an; LIS ) —*Vx,..x,, Y: Xy-~Xny )

A
sz(( Wy Do xye X = ¥ Pl koo X ) = ¥Xg % P x..;xn)
A

Vx1 VX;X3((VX,(_.X“P:X...X.;--)anx_i(“P:Kr.xn)" sz,.x,?:x‘.lx"')‘ —
LA

TN (- NPRIRRR 0 SRON I
. “"Vx.‘..an:x@_.x“ . |

Note that Ai (k20) is instance of schema Hg consi-
dered in [11: Vx Qu(x’)—e‘#p)—awu)—»‘ixu; ”

(b) For all n,m

—

esoln 20 B8nd m >1, Winym ,m.ee..m -]
1 n o ! To'1 n

is the I-sentence (definition by induction on n

and subinduction on mo):
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Wio;m,3 Pov \/(P >Pros) ’

) cv(VxPox - Py ) , itmy=o0

W[*\;mc,m;j;{ e :{ AL v (UxPlx > Wiomad) | if mo>o
™=K, K2t AAKV(VX'P:(X%W['UK,‘"«]) .

{Aﬂﬂ V (Yxyom Pl xame > PE) i e e =0,

Ny

N+ h(
A (Vx. N Fo c'x,..xm,-—)W[hn-S;ms...mM, ,
W["M}ma,m4-<mnﬂ]5 ’ |§ Myz=mz=..=mg_ =0 and m‘>_o_

(n2n)

M

ne +
WK, K2 Akv(Vx...x,M X, x”,“*\i/[nH ML TALIS mn-H]~

(¢) Pinmlly, for o<i<w’, we define (by P'rop.ll.O):
We= Wic(t)) (note thet negation is not usedt!).
Then it is shown (by induction on c(t)): |

TENIIA 2.1.1 Wseﬂtg;]\L’Tg+1'Con) (which is stron-

ger than WeeLT§;1~LTt+1;1 requested by Def. 2. 0).
Our second claim is & negative one:-

THEOREN 2.2

No Ysw,(= first uncountable) is
K.definable. '
This easily follows from

PROP, 2.2.1 For every frame F

= {P,<,V> in which
(P,<) is well ordered there exists & subframe F'=

= <P!,<,V'> in which (P',<) is well ordered, IPi<h,,

_}E{J\VL oy and e.t. IL*F'c I*F .

which in turn ie a corollary to a strong waenhe:lm

Skolem-type Thm. fo»r‘ K.gemantic we proved in [2]
(improving Ono's result in ([31).

Unfortunately we lack ‘answers for {3 lw¥<w, } in

~ terms of K.definability, although we see some Tea-

sons for. supporting the following
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CONJECTURE 2.3 Ro s w®is K.definable.

But the proof (if one!) seems to be not so easy.
REMARK 2.4 Say: i(»2) is Kidefinable iff there
exists & I-sentence W£e§14§;]xlﬁ<g+l;]. It can be
shown (modifying the W's of Thm.2.1) that every p«u®
is K.definable and that no ¥yw, is such.

"REMARK 2.5 From Thm.2.1 we obtain (for notations
see [11):

(a) There eximts & strictly decreasing well orde-
red chain of negation-free logics (finitely axioma-
tizable?) bétween'TQ and BQ, with order type w“+1.
(b) There exists strictly decreasing well orde-
red chain of negation-free logics containing sche-
‘ma D (fin.ax.?) between TQ and BH,D, with order
type w*¥+1.

We can get other results studying’intermediate lo-
.gics obtained from & given basis by adding Wy of
Thm.2.1 as new axiom schema for some Y . It turns
out, e,g., that ngc:PHg for 811 egy4Aw® .
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