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Preface

The following three lecclures werec given in the form of a

short course at the meecting Teoria della Dimostrazione e Filo-

sofia della Logica, organized in Sicna, 6-9 April 1983, by Lhe

Scuola di Specializzazione in Logica Matematica of the Universila
degli Studi di Siena. I am very grateful Lo Giovanni Sambin and
Aldo Ursini of that school, not only for rccording the leclbures
on tape, but, above all, for Lranscribing the tapes produced by
Lhe recorder: no machine could have done that work. This written
version ol Lhe lectures is based on lLheir Lranscfiption} The
changes Lhat I have been forced Lo make have mostly heen ol a
stylistic naturc, except ai onc poinl. In the second lecture, as
I acltually gave it, the order of conccptuai priority between the
nobtions of proofl and inmmediate inference was wrong, Since I dis-
covered my mistake later Lhe same month as the meubinﬁ was held,
I thought it better Lo let the written text diverge [rom the oral
prusanaLion'rathar than possibly confusing olhers by letting the
mistake remain., The oral origin ol these lecturcs is thq source
of'the many rcdundancics of Lhe writien text., Il is also my sole

cxcuse for the lack of detailed reflerences,
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FFirst lecture

When I was asked to zive these lectures about a year ago,
I suggested the title On the Meanings of the Logical Constants
and the Justifications of the Logical Laws. So that is what I
shall talk about, eventually, but, first of all, I shall have to
say something about, on the one hand, the things that the logical
operations operate on, which we normally call propositions and
propositional functions, and, on the other hand, the things that
the logical laws, by which I mean the rules of inference, operate
on, which we normally call assertions. We must rémehber that,
even if a logical inference;>for instance, a conjunction intro-

duction, is written

A B

A& B

which is the way in which we would normally write it, it does not -

\

take us from the propositions A and B to the proposition A & B.
Rather, it takes us from the affirmation of A and the affirmation
of B to the affirmation of A & B, which we may make explicit,

using Frege’s notation, by writing it

A B
A &DB

instead. It is always made explicit in this way by Frege in his
writings, and in Principia, for instance. Thus we have two kinds
of entities here: we have the entities that the logical opera-

tions operate on, which we call propositions, and we have those

o e e
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that we prove and that appear as premises and conclusion of a
logical inferecnce, which we call assertions., It turns out that,
in order to clérify the meanings of the logical constants and
Justify the logical laws, a considerable portion of the philo-
sophical work lies already in clarifying the notion of proposi-
tion and the notion of assértion. Accordingly, a large part of my
lectures will be taken up by a philosophical analysis ol these
two notions.

Let us first look at the term proposition. It has its origin
in the Gr,=TT€(§CTXU’LS, used by Aristotle in the Prior Analyt-
ics, the third ﬁart of the Organon. It was translated, appafently
by Cicero, into Lat. propositio, which has its modern counter-
parts ‘in It., proposizione, Eng. proposition, and Ger. Satz. In
the old, traditional use of the word propesition, propositions
are the things that we prove. We talk about proposition and proof,
of course, in mathematics: we put up a proposition, and let it be
followed by its proof. In particular, the premises and conclusion
of an inference were propositions in this old terminology. It was
the standard use of the wordvup to the last century. And it is
this use which is retained in mathematics, where a thqorem is
sometimes called a proposition, sometimes a theorem. Thus we have
two words for the things that we prove, proposition and theorem.‘
The word proposition, Gr. Trqékraerg, comes from Aristotle
and has dominated the logical tradition, whereas lLhe word thecorem,
Gr. Géck/)ev‘“\/ko(, is in Buclid, I believe, and has dominated the
mathematicai tradition.

With_Kant, something‘important happened, namely, that the

term judgement, Ger. Urteil, came to be used instead of proposi-
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tion., Pecrhaps one reason is that proposition, or a word with tﬁat
stem, at least, simply docs nol exist in German: the correspond-
ing German word would be Lehrsabi, or simply Satz. Be that as it
may, what happened with Kant and the ensuing German philosophical
tradition was that the word judgement came to replace the word
proposition., Thus, in that tradition, a proof, Ger. Beweis, is
always a proof of a judzement. In particular, the premises and
conclusion of a logical inference are always‘called judgements.,
And it was the judgemehts, or fhe catesorical judgements, rather,
which were divided into affirmations and denials, whereas earlier
it was the propositions which were so divi&ed.

The term judgement also has a long history. It is the Gr.
&ceCJLS, translated into Lat. judicium, It. giudizio, Eng.
judgement, and Ger. Urteil. Now, since it has as long a history
as the word proposition, thesec two were also previously used in
parallel. The Lradibiénal way of relating the notions of-judgemént
and proposition was by saying that a proposition is the verbal
expression of a judgement. This is, as far as I know, how the
notions of proposition and judgement were reléted during the
scholastic period, and it is something which is repeated in the
Port Royal Logic, for instance. You still find it repeated by
Brentano in this century. Now, this means that, when, in German
philosophy beginhing with Kant,>What was previously called a
proposition came to be called a judgement, the term judgement
acquired a double meaning. It came Lo be used, on the one hand,
for thg act of judzing, just as before, and, on the other hand,
it came to be used instead of the old proposition. Of course,

when you say that a proposition is the verbal expression of a

T e
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judgement, you mean by judgement the act of judging, the mental
act of judging in scholastic terms, énd the proposition is the
verbal expression by means of which you make the mental judgement
public, so to say. That is, I think, how one thought about it.
Thus, with Kant, the term judgement became ambiguous between the
act of judging and that which is judged, or the judgement made,
if you prefer. German has here the excellent expression gefdlltes

Urteil, which has no good counterpart in English.

judgement

"

the act of judging that which is judged

old tradition judgement proposition

Urteil{sakt)

Kant (gefédlltes) Urteil

This ambiguity is not harmful, and sometimes it is even conven-

ient, because, after all, it is a kind of ambiguity that the word

. judgement shares with other nouns of action. If you take the word

proposition, for instance, it is just as ambiguous between the
act of propounding and that which is propounded. Or, if you take
the»word affirmation, it is ambiguous’between the act of affirm-
ingvand that which is affirmed, and so on.

It should be clear, from what I said in the beginning, that
there is a difference between what we now call a proposition and
a propositiéﬁ in the old sense. In order to trace the emergence
of the modern notion of proposition, I first have to consider the

division of propositions in the old sense into affirmations and

‘denials. Thus the propositions, or the categorical propositions,

rather, were divided into affirmations and denials.
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(categorical) proposition

S

affirmation denial

And not only were the categoricai propositions so divided: bﬁe
very definition of a categorical proposition was that a categor-
>iéa1 proposition is an affirmation or a denial. Correlatively,

to judge was traditionally, by which I mean before Kant, defined
as to combine or separate ideas in the mind, that is, to -affirm
or deny. Those were the traditional definitions of the notions of
proposition and judgement,

The notions of affirmation and denial have fortunately re-
mained stable, like the notion of proof, and are therefore easy
to use without ambiguity. Both derive from Aristotle. Affirmation
is Gr. Koato(qmcn,; , Lat. affirmatio, It. affermazione, and
Ger. ﬁejahung, ﬁhefeas dénial is Gr. &1TI§4HXO‘LS, Lat. negatio,
It; negazione, and Ger. Verneinung. In Aristotelian logic, an
affirmatién was defined és‘a proposition in which something,
calied the predicate, is‘affirmed of Something else, called the
subject, and a denial was defined-as a proposition in which the
‘predicate is denied of the subject. Now, this is something that
we have certainly abandoned in modern logic. Neither do we take
categorical judgements to‘have subject-predicate fofm, nor do we
treat affirmabion'and denial symmetrically. It seems. to have been
Bolzano who took the crucial step of feplacing the Aristotelian

forms of judgement by the singlé form
A is, A is true, or A holds.

In this, he wds,foilowcd by Brentano, who also introduced the
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opposite form
A is not, or A is false,

and Frege. And, througthrege’s influence, the whole of modern
logic has come to be. based on the single form of judgement, or
assertion, A is true.

Once this step was taken, the question arose, What sort of
thing is it that is affirmed in an affirmation and denied in a
denial? that -is, What sort of thing is the A here? The isolation
of this concept belongs to the, if I may so call it, objectivist-
ically oriented branch of German philosophy in the last century.
By that, I mean the tradition which you may delimit by mentioning
the names of, say, Bolzano, Lotze, Frege, Brentano, and the
Brentano disciples Stumpf, Meinong, and Husserl, although, with
Husseri, I think one should say that the split between the ob-
jecﬁivistic»and the Kantian branchés of German philosophy is
finally overcome. The isolation of Lhis conccpt was a step which
was entirely necessary for the development of modern logic.
Modern logic simply would not work unless we had Lhis concept,
because it is on the things that fall under it that Lhc logical
Operations operate.

This new concept, which simply did not exist before the last
century, was variously called. And,}sinpe it was something that
one had not met before, Qne'had difficulties with what one should
call it. Among the terms that were used, I think the least com-
mitting one is Ger. Urteilsinhalt, content of a judgement, by
which I mean that which is affirmed in an affirmation and denied

in a denial. Bolzano, who was the first to introduce this concept,
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called it proposition in itself, Ger. Satz an sich., Frege also
grappled with this terminological problem, In Begriffsschriflt,
he called it judgeable content, Gér. beurteilbarer Inhalt. Later
on, corresponding to his threefold division into expression,
sense, and reference, in the case of this kind of entity, what
was the expression, he called sentence, Ger, Safz, what was the
sense, he called thought, Ger. Gedanke, and what was the refer-
ence, he called truth value, Ger. Wahrheitswert. So the question
arises, What should I choose here? Should I choose sentence,
thought, or truth value? The closest possible correspondence is
achieved, I think, if I choose Gedanke, that is, thought, for
late Prege. This is confirmed by the fact that, in his very late
logical investisgations, he called the logical operations the
Gedankengefiige, Thus judgeable contentbis carly Frege and thought
is late Frege. We also have the term state of affairs, Ger., Sach-
verhalt, which was introduced by Stumpf and used by Wittgenstein
in the Tractatus. And, finally, we have the term objective,
Ger. Objektiv, which was the term used by Meinong. Maybe there
were other terms as well in circulation, but thesé are the ones
that come immediately to my mind,.

Now; Russell used the term proposition for this new notion,
which has become the standard term in Anglo-Saxon philosophy
and in modern logic. And, since he decided to use the word pro-
position in this new sénse, he had to use another word for the
things.that we prove and that figure as premises and conclusion
of a logical inférence. Ilis choice was to translate Frege’s
Urteil,‘hob by judgement, as one would expect, but by assertion.‘

And why, one may ask, did he choose the word assertion rather

— 211 —

than translate Urteil literally by judgement? I think it was to
avoid any association with Kantian philosophy, because Urteil

was after all the central notion of logic as it was done in the
Kantian tradition, For instance, in his transcendental logic,
which forms part of the Kritik der reinen Vernunfti, Kant arrives
at his categories by analysing the various forms that a judgement
may have., That was his clue Lo the discovery of all pure conéepts
of reason, as he called it. Thus, in Russcll’s hands, Frege’s
Urteil came to be called assertion, and the combination of
Frege’s Urteilsstrich, judgement stroke, and Inhaltsstrich, con-
tent strokc,vcame to be called the assertion sign,

Observe now where we have arrived. through this development,
namely, al a notion of proposition which is entirely different,
or different, at least, from the old one, that is, from the
Gr. T\’éé'\:‘o(d‘l.g and the Lat, propositio. To repeat, the things

that we prove, in particular, the premises and conclusion of a

. logical inference, are no longer propositions in Russell’s ter-

minology, but assertions, Conversely, the things that we combine
by means of the logical operations, the connectives and the
ﬁuantifiers, are not propositions in the old sense, that is,
what Russell calls assertions, but what he calls propositions.
And, as I said in the very beginning, the rule of conjunction
introduction, for instance, really allows us to affirm A & B,

having affirmed A and ‘having affirmed B,

A B
A & B

It is another matter, of course, that we may adopt conventions
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that allow us to suppress the assertion sign, if it becomes too guage is first order arithmetic, say, then A and B should be

tedious to write it out. Conceptually, it would nevertheless be ~arithmetical formulas. When you start thinking about this answer,
there, whether I write it as above or ' ' you will see that there is something strange about it, namely,
i b lependence., Decause it is clearly irrelevant for the
A true B true its language dependence arly he
alidit f the d a itl ical f las
A & B true validity of the rule whether A and B are arithmetical formulas,

corresponding to the language of first order arithmetic, or

as I think that I'shall do in the following. whether they contain, say, predicates defined by transfinite,

So far, I have made no attempt at defining the notions ol or generalized, induction. The unary predicate expressing that

judgement, or assertion, and proposition. I have merely wanted a natural number encodes an ordinal of the constructive second

to give a preliminary hint at the difference belween the two by number class, for instance, is certainly not expressible in first

showing how the terminology has evolved. order arithmetic, and there is no reason at all why A and B

To motivate my next step, consider any of the usual infer- : should not be allowed to contain that predicate. Or, surely, for

ence rules of the propositional or predicate calculus. Let me the validity of the rule, A and B might just as well be set theo-

take the rule ol disjunction introduction this time, for some retical formulas, supposing that we have given such a clear sense

change, to them that we clearly recognize that they express propositions.

A Thus what is important for the validity of the rule is merely

AV D that A and B are propositions, that is, that the expressions

which we insert into the places indicated by the variables A and B

or, writing out the affirmation, express propositions. It seems, then, that the deficiency of the

A brue first answer, by which I mean the answer that A and B should

rance over formulas, is eliminated by Saying that the variables
AV B true .

A and B should range over propositions instead of formulas., And

Now, what do the variables A and B range over in a rule like this is entirely natural, because, after all, the notion of for-

this? That is, what are you allowed to insert into the places mula, as given by the usual inductive definition, is nothing but

indicated by these variables? The standard answer to this ques- the Tormalistic substitute for the notion of proposition: when

thﬂ,;by someone who has received the now current logical edu- you divest a proposition in some language of all sense, what re-

cation, would be to say that A and B range over arbitrary formu- mains is the mere formula. But then, supposing we agree that the

las of the language that you are considering. Thus, if the lan- natural way out of the first difficulty is to say that A and B




— 214 —

should rahge over arbitrary propositions, another difficulty
arises, because, whereas the notion of formula is a syntactic
notion, a formula being defined as an expression that can be
formed by means of certain formation rules, the notion of propo-
sition is a semantic notion, which means that the rule is no
longer completely formal in the strict sense of formal logic.
That a rule of inference is completely formal means precisely
that there must be no semantic conditions involvcd in the rule:
it may only pul conditions on the forms of the premises and con-
clusion. The only way out of this second difficulty seems to be
to say that, really, the rule. has nqt one but three premises, so

that, if we were to write them all out, it would read

A prop B prop A true

AV B true

that is, from A and B being propositions and from the truth of A,

we are allowed to conclude the truth of A V B. Illere I am using
A prop
as an abbreviated way of saying that
A is a prbposition.

Now the complete formality of the rule has been restored. Indeed,
for the variables A and B, as they occur in this rule, we may
substitute anything we want, and, by anyphing, I mean any expres-
sions. .Or, to be more precise, if we categorize the expressions,
askFregE did, into complete, or satufahed, expressions and in-

complete, unsaturated, or functional, expressions, then we should
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say that we may substitute for A and B any complete ekpreséions
we want, because propositions are always expressed by complete
expressions,;not by functional expressions. Thus A and B now
range over arbitrary complete expressions., Of course, there would
be needed here an analysis of what is understood by an expression,
but that is something which I shall not go into in these lectures,
in the belief that it is a comparatively ftrivial matter, as com-
pared with. explaining the notions of proposition and judgement,
An expression in the most general sense of the word is nothing
but a form, that is, something that we can passive1§ recognize as
the same in its manifold occurrences and actively reproduce in
many copies. But I think that I shall have to rely here upon an
agreement that we have such a general notion of expression, which

is formal in character, so that the rule can now count as a for-

-mal rule.

Now, if we stick to our previous decision to call what we
prove, in particular, the premises and conclusion of a logical
inference, by the word judgement, or assertion, the outcome of
the preceding considerations is that we are faced with a new form
of judgement. After all, A prop and B prop have now become pre-
mises of the rule of disjunction introduction. Hence, if premises

are always judgements,
A is a proposition

must count as-a form of judgement. This immediately implies that
the tréditional definition of the act of judging as an affirming
or denying and of the judgement, that is, the proposition in the

terminology then used, as an affirmation or denial has to be
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rejected, because A prop is certainly neither an affirmation nor
a denial. Or, rather, we are faced with the choice of either
keeping the old definition of judgement as an affirmation or a
denial, in which case we would have to invent a new term for the
things that we prove and that figure as premises and conclusion
of a logical inference, or else abandoning the‘old definition of
judgement, widening it so as to make room for.A 'is a proposition
as a new form of judgement. I have éhosen the latter albernétive,
well aware that, in so doing, I am using the word Judgement in
a new way.

Having rejected the traditional definition of a judgement
as an affirmation or a denial,‘by what should we replace it? llow
should we now delimit the notion of judgement, so that A.is a ”
prqposition, A is true, and A is false all become judgemehts?
And there are other forms of judgement as well, which we shall
meet in due course. Now, the question, What is a judgement? is no
small question, because the notion of Judgement is just about the
first:-of all thé notions of logic, the one that has to be explain-
ed before all the others, before even the notions of proposition
and lruth, for instance, There is therefore an intimate’relation
between the answer to the question what a judrement is and the
very question what logic itself is., I shall start by giving a very
simple answer, which is essentially right: after some elaboration,
at least, I hope that we shall have a sufficiently clear under-
standing of it, And the definition would simply be that, when
undcrstqod as an act of judgihg, a judgement is nothing but an
act of knowing, and, when undecrstood as that which is judged, it

is a piece or, more solemnly, an object of knowledge.
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~ - judgement :
the act of judging ~  that which is judged

the act of knowing the object of knowledge

Thus, first of all, we have the ambiguity of the term judgement
between the acﬁ of judging and that which is judged. What I say .
is that an act of jﬁdging is esscntially nothing but an act of
knowing, so that to judge is ﬁhe sane és to know, and that what
is judged is a piece, or an object, of knowledge. Unfortunately,
the English.ianguage,has no counterﬁart of Ger.. eine Erkenntnis,
a knowledge,

‘This new definibion of the notion. of judgement, so éentralvto
logic, should be attributed in the flirst place: to Kant, I think,
although it may be diffiCult to find him ever explicitly saying
that the act of judging is. the Same,aé the act of knowing, and
that what is judged is the object of knowledge. Nevertheless, it.
is behind all of Kant’'s analysis of the notion of judgemeut that
fo judge amounts to the same as to know., It was he who broke ﬁithr
the traditional, Aristotelian definition of a judgement as an
'affirmationbor a denia}. Explicitly, the nobions‘of Judzement and
knowledge were related by Bolzano, who simply defined knowledge
as évident judgement. Thus, for him, the order of priority was
the reverse: knowledge was defined in terms of  judgement rather
than the other way round. The important thing bo-realize is of.
course that to judge and to know, and, cofrelativeiy, judgement
and knowledge, -are essentially the same, And, when theArelatioh
between judgement, or assertion, if you prefer, and knowledge is.

understood in this way, logic itself is naturally understood as
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the theory of knowledge, that is, of demonstrative knowledge,
Aristotle’s éTT'LO"C’V/”AY“ &1T05€LK'C'LKY]/. Thus log%c.studics,
.from an objective point of view, our pieces of knowledge as they
are organized in demonstrative science, or, if you think about
lit from the act point of view, it studies our acts of judging,
‘or knowing, and how they are interrelated.

‘As I said é moment ago, this is only a‘first approximation,
because it would actually have been better if I had not said that
aﬁ act of judging is an act of knowihg, but if I had said that it
is an act of, and here there are many words that you may use,
either understanding, or comprehending, or grasping, or seeing,
in the metaphorical sense of the word éee in which it is synonym-
ous with understand. I would prefer this formulation, because the
felatibn between the verb to know and the verb to understand,

compfehend, grasp, or sece, is given by the equation
to knowv='to have understood, comprehended, grasped, secen,
which has' the converse

to understand, comprehend, grasp, see = to get to know,

The reason why the first answer needs elaboration is that you may -

use know in English both in the sense of having understood and

in the sense of getting to understand. Now, the firsf of the pre-
ceding two equations brings to expression SOmething which is
deeply rooted in the Indo;Eurépean languages. For instance, Gr.
dTLSO(, I know, is the perfect form of the verb whoée present
form ié Gr. e?CScU, I see. Thus to know is to have seen merely

by the way the verb has been formed in Greek, It is enbirely
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similar in Latin. You have Lat. nosco, I get to know, which has

present form, and Lat. novi, I know, which has perfect ‘form. So,

- in these and other languages, the verb to know has present sense

but perfect form. And the reason for the perfect form is that to
know is to have seen. Observe also the two metaphors for the act -
of understanding which you scem to have in one form or Lhe other
in all Buropean languages: the metaphor of seeing, first of all,
which was -so much used by the Greeks, and which we still use,

for instaﬁce, when saying that we sée that there are infinitely
many prime numbers, and, secondly, the metaphor of grasping,
which you also find in the verb to comprehend, derived as it is
from Lat. prechendere, to seize. The same metaphor is found in
Ger, fassen and begreifen, and Ivam sure that you also have it

in Italian. (Chorus. Afferare!) Of course, these éré two meta-
phors that we use for this particular act of the mind: the mental
act of understanding is certainly as different from the percep-
tual act of seeing something as from the physical act of grasping
something.

Is a judgement a judgement already before it is grasped,
that is, becomes known, or does it become a judgement only through
our act of judging? And, in the latter case, what should we call
a judgement before it has been judged, that is, ha§ become known?
For example, if you let G be the proposition that every even num-

ber is the sum of two prime numbers, and then look at
G is true,

is it a judgement, or is it not a judgement? Clearly, in one

sense, it is, and, in another.sense, it is not. It is not a judge-
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ment in the sense that it is not known,'thét is, that it has not
been proved, or grésped. Bul, in -another sense, it is a judgement,
namely, in the sense that G is true makes perfectly good sense,
becauSe»G.is a proposition which we all understand, and, presum-
ably, we understand what it means for a pfoposibion to be true.
The distinction I am hinting at is the distinction which was
traditionally made between an enunciation and a proposition.
Enunciation is not a word of much currency in English, but I Lhinlk
that its Italian counterpart has fared better. The origin is Lhe
Gr. o’(ﬂ'o/ctao(l«,'o'Lg as it appears in De Inberpfetatione, the second
part of the Organon. It has been translated into Lat. enuntiatio,
It. enunciato, and Ger. Aussage. An enunciation is what a propo-
“sition, in. the old sense of the word, is before it has been
proved, or become known. Thus it is a propositioh stripped of its
epistemic force. For example, in this traditional terminology,
which would be fine if it were still living, G is true is a per-
fectly good enunciation, but it is not a proposition, not yet

at least. But now that we have lost the term proposition in its
old sense, having decided to use it in the sense in which it
‘started to be used by Russgll and is-now used in Anglo-Saxon phi-
1os§phy andrmodern logic, I think we must admit that we have also
1ost‘the traditional distinction between an enunciation and a
proposition. Of course, wé still have the option of keeping the
term enunciation, but it is no longer natural, Instead, since I
have decided to replace the térm proposition in its old sense,

as that which we prove and which may appear as premise or con-
clusionlof a logical inference, by the Qerm judgement, as it has

been used in German philosophy from Kant and onwards, it . seems
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better, when there is a need of making the distinction between an
enunciation and a proposition, that is, between a judgemenh be-
fore and after it has been proved, or beeome/known,_to speak of a
judgement and an evident judgement, respectively. This is a well-
established usage in the writings of Bolzano, Brentano, and Hus-
serl, that is, within the objectivistically oriented branch of
German philosophy that I mentioned earlier. If we adopt this
terminology, then we are faced with a fourfdid tablé, which I

shall end by writing up.

judgement l -proposition

evident judgement , true proposition

Thus, corrclated with the distinction between'judgemeﬁt and pro-
position, there is the diétinction'betwéen evidence'of a judge-
ment. and truth of a proposition,

So far, I have said very little about the notions of propo-
sition and truth. The essence of what I have said is merely that
to judge is the same as to know, so that an evident judgement is
the same as a piece, or an object, of knowledge, in agreement
with Bolzano’s definition of knowledge as evident judgement.
Tomorrow’s lecture will have to be taken up by an attempt to
clarify the notion of evidence and the notions of proposition

and truth.
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Second lecture

Under what condilion is it right, or correct, to make a

judgement, one of the form
A is true,

which is éertainly the most basic form of judgement, for instance?
When one is faced with this quésﬁion for Lhe first tihc, it is
tempting to answer simply that it is right to say that A is true
provided that A is true, and that‘it is wrong to say that A is
true provided that A is not true; that is, provided that A is
false. In fact, this is what Aristotle says in his definition of
truth in the Metaphysics. For instange, he says that it is not
because you rightly say that you arévwhite that you are white,
but because you are white that wha£ y6u séy is corfcct. But a
moment’s reflectionvshows that this IirsL answer is simply wrong.
Even if‘every number is the éum of "two prime numbers, it is wrong
of me to say that unless i know it, that is, unless I have proved
it. And it would have becn wrong of‘me to say that every map can
be coloured by four colours'before the recent proof was given,
that is, before I acquired that.kﬁowlédge; cither by understand-
ing the proof myself, or by trusting its discoverers. So the‘con-
dition for it to be right of me' to affirm a proposition A, that
is, to say that A is trune, is not that A is true, but that I know-
that A is true. This ié a pbint which has beeq made by Duhmett
and, before him, by Brentano, who introduced the apt term blind
judgzement for a judgzement which is made by someone who does not

know whaf‘he is. saying, although what he says is correct in the
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weaker sense phat someone else knows it, or, perhaps, that he
himselfl gets to know il at some later time. When you‘are‘forced
into'answeriné a yes or no question, although you do not know the
answer, and happen to'give the right answer; right as seen by
someone else, or by you yourselfl when yoﬁ go home and look it up,
then you make a blind judgement, Thus you err, although.thé
teacher does not discover your error. Not to speak of the fact
that the teacher erred more greably by not giving you the option
of quing the only answer which would have been honest, namely,
that you did not know.

The preceding consideration does not depend on the partic-
ular form of judgement, in this case, A is true, that I happened
Lo use as an example. Q;ite generally, the condition for it to
be right of you to make a judgement is that you know it, or,
what amounts to the same, that it is evident to you. The notion
of evidence is related Lo the nolion of knowledge by the equa-

tion
evident = known.

When you say that a judgement is evident, you merely express that
you have understood, comprehended, grasped, or seen it, that is,
that you know it, because to have,understood is to know. This is
reflected in the etymology of the word evident, which comes from
Lat, ex, out of, from, and videre, to see, in the metaphdrieal
sense, of course,

There is absolutely no Question of'é judgement being evident
T ; - .
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in itselft independently of us and our cognitive activity. That
would Qémjuéﬁ éé’abs;}a aévﬁé ébeak‘df a judgement as being known,
Jot by=someb6d§, yoﬁ.of ﬁe, ﬁ;t in‘itself. To be evident is to be
évidéﬂt to séﬁeﬁody,.ag iﬁevitably as to he known is to be known
by someﬁody. That is what Brou@er.meant by saying, in Conscious-
ness, Philoséphy, and Mathematics, that there are no nonexperi-
enced truths, a basic,intuiﬁjonistic tenet, This has been puz-
zling, because it has been understood ag referring to the truth
of a proposition, and clearly tﬁere are true propositions whose
truth has not bheen experiéncéd, that is, propositions which can
be showh to be true in the futﬁre, although they have not been
proved to be Lrue new. Bult what Brouwer means here is not that,
Ile does not spealk about propositions and truth: he speaks about
judgements and cvidence, although he uses the term truth instead
of the term evidence. And what he says is. then perfectly right:
‘there is no evidentijudgement whose evidence has not been ex-
perienced, and experience it is what you do when you understand,
comprchend, grasp, or see it. Thefe is no evidence outside our
actual or possible experience of it. The notion of evidence is
by its very naturg‘subjcct related, relative to the knowing sub-
Jject, that is, in Kantian termino}ogy.

As I already said, when you make, or utter, a judgemenﬁ
under normal circumstances, yéuvthercby;express that you know it

There is.no need to make this explicit by saying,
I know that ...
For example, when you make a judgement of the form

A is true
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under normal circumstances, by so doing, you already express that

you know that A is true; without having to make this explicit by

saying,
I know that A is true,

or the like. A judgemecnt made under normal circumstances éiaimé
by itself to be evident: it carries its claim of evidence auto;
matically with it.bThis is abpoint which was made by Wittgenstein
in the Tractatus by saying that Frege's Urteilsstrich, judgement
stroke, is logically quite meanihgless, since it merely indicates
that the proposition to which it is prefixed is held'true by the
author, although it would pefhaps have-been better to say, not
that it is meaningléss, but that it is Supeffluous, since, when
fou make a judgement, it is clear already from its - form that you
claim to know it..In speech act philosophy, this is expressed by
saying thalt knowing is an illocutionary force: it is not an ex~-
plicit part of what yéu'éay that you know it,-but it is implicit
in your saying of it. This is the case, not only wibth judgements,

that is, acts of knowing, but also with other kinds of acts.

‘For instance, if you say,

Would she come tonight!

it is clear from the form of your utterance that you express a

wish, There is no need of making this explicit by saying,
I wish that she would come tonight.

Some languages, like Greek, use bhe'opfative mood to make it

clear that an utterance expresses a wish or desire.
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Consider the pattern that we have arrived at now,

act object
I know A is true

Here the grammatical subject I refers to the subject, sell, or
ego, and the grammatical predicate know to bhé_act, which in this
particular case is an acl of knowing, but might asrwell have been
an act of conjecluring, doubting, wishing; fearing{ etc., Thus the
predicate know indicates the modality of the act, that is, the
way in which the subject relates tobthe object, or the particular
force which is involved, in this case, the epistemic force., Ob-
serve that the function of the grammatical moods, indicative,

subjunctive, imperative, and optative, is to express modalities

in. this sense. Finally, A is true is the judgement or, in general,

the object of the act, which in this case is an object of know-
ledge, but might have been an object of conjecturc, doubt, wish,
fear, etc,

The closest possible correspondence between the analysis

that T am giving and‘Frege’s notation for a judgement
A
is obtained by thinking of the vertical, judgement stroke as
carrying the epistemic force
I know ...
and thé‘horizontal, content stroke as expressing the affirmation

... 18 true.
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Then it is the vertical stroke which 1s superfluous, whereas the

horizontal slroke is nceded to show that the judgement has the

form of an affirmation. But this can hardly be read out of Frege's

own account of the assertion sign: you have to rcad it into his
text,

What is a judzement before it has become evident, or known?
That is, of the two, judgement and evident judgement, how is the
first to be defined? The characleristic of a judgement in this
sensc is merely that it has been laid down what knowledge is ex-
pressed by it, that is, what you must know in order to have the
right to make, or utter, it. And this is something which depends
solely on the form of the judgement, For example, if we consider

the btwo forms of judgement
A is a proposition
and
A is Lrue,

then there is something that you must know in order to have the
right to make a Jjudgement of the first form, and there isvsome-
thing else which you must know, in addition,'in order to have the
right to make a judgement of the second form. And what you must
know'depends in neither case on A, but only on the form 6f the
Jjudgement, .., is a prdposition or ... is true, respectfvely.
Quite generally, i may say that a judgement in this seﬂée, tﬁat
is, a:not yet known, and perhaps even unknowable, judgemeht, is
nobhing but an instance of a form of judgement{ because it:is for

thé various forms of judgement that I lay down what you must knoﬁ
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iﬁ order to have the rizht to make a judgement of one of those
forms. Thus, as soon as something has the form of a Judgémcnb,

it is already a judgement in this sense. For example, A is a pro-
position is a judgement in this sense, because it has a form for
which I have laid down, or rather shall lay down, what you must
know in order to have the rightALo make a judgement of that form.
I think thaf I may make things a Dbit cleafer by showing again in
a picturc what is involved here. Let me take the first form to
begin with.

evident judgement
A

~ Y
™

judgement
S

is a proposition

ekpression form of judgement

Ilere is involved, firsl, an expression A, which should be a com-
plete expression. Second, we have the form ... is a proposition,
which is the form of judgement. Compoéing these two, we‘arrivé at
A is a proposition, which isva Jjudgement in the first sense. And
then, third, we have the act in which I gzrasp this judgement,

and through which it becomes evident. Thus it is my act of grasp-
ing which is the source of the evidcnce. These two together, that
is, the judgement and my act of grasping it, become the evident
Jjudgement. And a similar analysis. can be given‘of a judgement of

the second form.

209

evident judgement

judgement

N

I know @

proposition form of judgement

Such é judgement has the form ... is true, but what fills the
open place, or hole, in the form is not an exbression any 1onger,‘
but a proposition. And what is a proposition? A pfoposition is an
expression for which the previous judgement has already been
grasped, because there is no question of something being true un--
less you have previously grasped it as a proposition. But other-
wise the picture remains the same here,

Now I must consider the discussion of the notion of judge-
ment finished and pass on to the notion of proof. Proof is a good
word, because, unlike the word proposition, it has not changed
its meaning. Proof apparcntly means the same now as it did when
the Greeks discovered the notion of proof, and therelfore no ter-
minologicalbdifficulbies arise, Observe that both Lat. demonstra-
Lio and the corresponding words in the modérn languages, like
It. dimostrazione; Eng. demonstration, and Ger. Beweis, are lit-
eral translations of (}r.,g(ﬁggeL\gLS, deriving as it does from
Gr. SG{KVUIAL, I show, which has the same meaning as Lat. mon-
strare and Ger, weisen,

If you want to have a first approxiﬁation to the notion of
proof, a first definition of what a proof is,‘the strange thing

is that you cannot look it up in any modern textbook of logic,
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because what you get out of the standard textbooks of modern log-
ic is the definition of what a formal proof is, at best with a
careful discussion clarifying that a formal proof in the sense of
this definition is not what we ordinarily call a prbof in mathe-
matics. That is, you get a formal proof defined as a finite se-
quence of formulas, each one of them being an immediate conse-
quence of some of‘thc preceding ones, where the notion of immedi-
ate consequence, in turn, is defined by saying that a formula is
an'immcdiate consequence of some other formulas if there is an
instance of one of the figures, called rules of inference, which
has thé other Iormulds as premises-and Lhe formula itself as con-
clusion. Now, Lhis is not what a réal proof is., That is why you
have the warning épithet formal in front of it, and do not simpiy
say proof.

What is a proof in the original sense of the word? The ordi-
nary dictionary definition says, with slight variations, that a
proof is that which establishes the trulh of a statement, Thus
‘a proof is that which makes a malhematical statement, or enunci-
ation, into a thorem, or proposition, in thg old sense of the
‘word which .is retained in mathematics. Now, remember that I have
reserved the ferm true for true propositions, in the modern sense
of the word, and that the things that we prové are, in my termi-
nology, judgements. Moreover, to avoid terminological confusion,
judgementé qualify as evident rather than true. Hence, translated
into the terminology that I have decided upon, the dictionary

definition becomes simply,

A proof is what makes a judgement evident.
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Accepting this, that is, that the proof of a judgement is that
which makes it evident, we might just as well say that the proof
of a judgement is the evidence for it. Thus proof is the same as
cvidence, Combining this with the outcome of the previous dis-
cussion of the notion of evidence, which was that it is the act
of understanding, comprehending, grasping, or seeing a judgement
which confers evidence on it, the inévitable conclusién is that
the prool of a judgement is the very act of grasping it. Thus a
proof is, not an objept, but an act, This is what Brouwer wanted
to stress by saying that a proof ié a mental construction, be-
cause what is mental, or psychic, is precisely our acts, and Ghe
word construction, as used by Brouwer, is but a synonym for proof
Thus he might just as well have said that the proof of a judge-
ment is the act of proving, or grasping, it. And the act is pri-
marily the act as it is being performed, Only secondarily, and
irrevocably, does il Dbecome the act that hés been performed.

As is often the case, it_might have been better to start

with the verb rather than the noun, in this case, with the verb

to prove rather than with the noun proof. If a proof is what
makes a judgement evident, then, clearly, to prove a judgement
is to make it evident, or known, To prove SOmething lo yourself
is simply to get to know il. And to prove something to somcone

clse is to try to get him, or her, to know it. Ilence

to prove = to get to know = to understand,

comprehend, grasp, or seec.

This means that prove is but another synonym for understand, com-

prchcnd, grasp, or sce. And, passing to the perfect tense,
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to have proved = Lo know = lo have understood,

comprehended, grasped, or sccn.

We also speak of acquiring and possessing knowledge. To possess
knowledge,ié the same as to have acquired it, just.as to know
somelhing is the same as to have understood, comprehended,
grasped, or seen it. Thus the relaltion between the plain verb
to know and the venerable expreséions to acquire and lo possess

knowledge is given by the two equations,

to get to know = to acquire knowlédge
aﬁ d

to know = to posscss knowledge.

On the other hand, the verb to prove and the noun proof are re-

lated by the two similar equétions,

to prove = to acquire, or construct, a proof
and

to have proved = to possess a proof.

It is now manifest, from these equations, that proof and know-
ledge are the same. Thus, if proof theory is construed, not in
Hilbert’s sense, as metamathematics, but simply as the study of
proofs in the original sense of the word, then proof theory‘is
the same as theory of knowledge, which, in turn, is the same as
logicgin the original sense 6I thg word, as the study of reason-

ing, or proof, not as metamathematics.
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Remember.phat the proof of a judgement is the very act Qf
knowing it. IL Lhis acl is atomic, or indivisible, then the proof
is said to be immediate. Otherwise, that is, if the proof con-
sists of a whole sequence, or chain, Qf atomic actions, it is
mediate. And, since proof and knowledge arc-the same, the attri-
butes immediate and mediate apply equally well to knowledge. In
logic, we are no doubt more used to saying of inferences, rather:
than proofls, that they are immediate or mediate, as the case may
be. But that makes no difference, because inference and proofl are
the same. It does noﬁ matter, for instance, whether we say rulcs
of inference or proof rules, as has bLecome the custom in program-
ming. And, to lLake another example, it does not matter whether we
say that a mediate proof.is a chain of immediaﬁe inferences or
a chain of immediate proofls. The notion of formal proof that I
referred to. in the beginning of my discussion of the notion of
proof has been arrived at by formalistically inlerpreting what
you mean by an immediate inference, by forgetting about the dif-
ference bebtween a judgement and a proposition, and, finally, by
interpreting the notion of proposition formalistically, that is,
by replacing it by the notion. of formula. But a real proof is and
remains what it has always been, namely, that which makes a judge-
ment cvident, or, simply, the evidence for it. Thus, if we do not
have the notion of evidence, we do not have the notion of proof.
That is why the notion of proof has fared sobbadly in those
branches of philosophy where the notion of evidence has fallen
into disrepute.

We also speak of a judgement being immediately and mediately

evident, respectively. Which of the two is the case depends of
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course on the proof which constitutes the evidence for the judge-
-ment., If the proof is immediate, then the judgement is said to be
immediately evident. And an immediately evideﬁt Jjudgement is what
we call an axiom. Thus an axiom is a judgement which is evident
by itself, not by virtue of some previously proved judgements,
but by itself, that is, a self-evident judgement, as one has al-
ways said. That is, always before the notion of evidence became
disreputed, in which case the notion of axiom and the notion of
proof simply become deflated:‘we cannot make sense of the notion
of axiom and the notion of proof without access to ihe notion of
cvidence. If, on the other hand, the proof which constitutes the
~evidence for a judgement is a mediate one, so that the Judgement
is evident, not by itself, but only by virtue of some previously
proved judgements, then the judgement is said to be mediately
evident, And a mediately evident judgement is what we call a
theorem, as opposed Lo an axiom. Thus an evident Jjudsement, Lhat
is, a pfoposition in the old sense of the word which is retained
in mathematics, is either an axiom or a theorem.

Instead of applying the attributes immediate and mediate to
pfoof, or knowledge, I'Might have chosen to speak of intuitive
and discursive proof, or knowledge, respectively. That would have
implied no difference of sense. The proof of an axiom can only be
intuitive, which is to say that an axiom has to be grasped imme-
diately, in.a single act. The word discursive, on the other hand,
comes from Lat, discurrere, to run to and fro. Thus a discursive
proofl is one which runs, from premiscs to conclusion, in several
steps, It is the opposite of an intuitive proof, which brings you

to the conclusion immediately, in a single step. When one says

— 235 — —

that the immediatce propositions in Lhe old sense ol the word pro-
position, that is, the immediately evideﬁt judgqmenbs'in my ter-
minology, are unprovable, what is mecant is of course only that
they cannot be proved discursively. Their proofs have Lo rest in-
Luiﬁive. This secems Lo be all that 1 have to say about the nolion
ol proof at the moment, so let me pass on to the next item on the
agenda, the forms of judgement and their semantical explanations.
The forms of judgement have to be displayed in a table, sim-
ply, and‘Lhe corresponding semantical cxplanatfons have to be
miven, one for each ol those forms. A form of judgement is essen-
Lially just what is called a category, not in the sensec of cate-
gory Ltheory, ﬁuL in the logical, or philosophical, sense of the
word, Thus I have to say what my forms of judgement, or categorics,
are, and, for each one of those forms, I have to explain what you
must know in order to have the right to make a judgement of that
form., By the way, the lorms ol judgement have to be introduced in
a specilic order. Actually, not only the forms of judgement, bub
all the notions lhat 1 am undertaking to explain here have to
come in a specific order, 'l‘hus,' for inslance, the notion of judse-
ment has Lo come before the notion of proposition, and the nolion
of logical consequence has to be deall wilh before explaininq the
nobion of implication. There is an absolute rigidity in this or-
der. The notion of proof, for instance, has to come precisely
where I have put it here, because it is nceded in some other ex-
planations further on, where it is presupposcd already. Rcvcaling
this rigid order, thereby arriving eventually at the conceptls
which have to be explained prior to all other concepts, lurns out

to be surprisingly difficult: you seem to arrive at the very first
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concepbs last of all. I do not know what it should best be called, ' What does a judgement of the form
maybe the order of conceptual priority, one concept being concep- A is a proposition mean?

tually prior to another concept if it has to be explained before
. These various ways of posing esscntially the same question re-
the other concept can be explained.

. Tlcect rouchly the historical development, from a more ontological
Let us now consider the first form of judgement,

to a more knowledge theoretical way of posing, and answering,
A is a proposition, questions of this sort, finally ending up with something which is

more linguistic in nature, having to do with form and meaning.
or, as I shall continue to abbreviate it,

Now, one particular answer to this question, however it be
A prop. formulated, is that a proposition is something that is true or

false, or, to use Aristotle’s lormulation, that has truth or
What I have just displayed to you is a linguistie form, and I hope )
falsity in - it. llere we have to be careful, however, because what
that you can recognize it. What you cannot see from the form, and
' I am going to explain is what a proposition in the modern sense
which I therefore proceed to explain to you, is of course its : '

: o ' is, whereas what Aristotle explained was what an enunciation,
meaning, that is, what knowledge is expressed by, or embodied in, > /

: : being the translation of Gr. o('lTOc#OUJO'LS , is., And it was this

a judgement of this form. The question that I am going to answer '
explanation thal he phrased by saying that an cnunciation is
is, in ontological terms, .
something that has trulh or falsity in it. What he meant by this

What is a proposition? was that it is an expression which has a form of speech such that,”

. : when you utter it, you say somelhing, whelher truly or falsely.
This is the usual Socratic way of formulating questions of this

That is certainly not how we now interprect the definition of a
sort. Or I could ask, in more knowledge theoretical terminology,
proposition as something which is true or false, but it is never-

What is it to know a proposition? theless correct that it echoes Aristotle’s formulation, especial-
ly in its symmetric trecatment of truth and falsity.

or, if you prefer,
An elaboration of the definition of a proposition as some-
What knowledge is expressed by a judgement thing that is true or false is to say thal a proposition is a

of the form A is a proposition? k truth value, the true or the false, and hence that a declarative
sentence is an expression which denotes a truth value, or is the

or, Lhis may be varied endlessly,
name of a truth value. This was the explanation adopted by Frege
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in his later writings. If a proposition is conceived in this way,
that is, simply as a truth value, then there is no difficully in
jﬁsbifying the laws of the classical propositional calculus and
Lthe laws of quantification over finite, explicitly listed, do-
muins.'Thc trouble arises when you come to the laws for forming
quaﬁtified propositions, the quantifiers not being restricted to

finite domains, That is, the trouble is to make the two laws

A(x) prop “A(x) prop

(Vx)a(x) prop

(d x)A(x) prop

evident when propositions are conceived as nothing but truth val-
ues. To my mind, at least, they simply fail to be evident. And

I need nol be ashamed of.thc_reference td myself in this connec-
tion: as I said in my discussion of the notion oi evidence, it is
by its very nature Subjcct related, Others must make up their
minds whether these laws are really evideunt to them when they
conceive of propositions simply as trulth values. Although we have
had this notion of proposihion and these laws for forming quanti-
fied proﬁositions for such a long time, we slill have no satis-
factory expianations which serve Lo make CLhem evident on this
conception of the notion of proposition, It does not help to re-

strict the quantificrs, that is, to consider instead the laws

(x € A) (x € A)

B(x) prop . B(x) prop

(Mx € A)B(X) prbp (dx € A)B(x) prop

unless we resbriétfthe quantifiérs so severely as to take the

set A here to be a finite set, that is, to be given by a list of
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its elements. Then, of course, there is no trouble with these
rules. But, as soon as A is the set of natural numboré, say, you
have the full trouble already. Since, as I said earlier, the law
of the excluded middle, indeed, all the laws of the classical
propositional calculus,: arc doubtlessly valid on ihis conception
of the notion of proposition, this means that the rejection of
the law of cxcluded middle is implicitly also é rejection of the
conception ol a proposition as something which is true or false,
Iience the rejection of this notion of proposition is something
which belongs to Brouwer. On the other hand, he did not say ex-
plicitly by what it should be replaced. Not even the wellknown
papers by Kolmozorov and.ueyting, in which fthe formal laws of
intuitionistic logic Weré formulated for the first time, comtain
any attemplt at -explaining. the notion of proposition in terms of
which these laws become evident. It appears only in some later
papers by Heyting and Kolmogorov from the early thirties. In the
first of these, written by Heyting in 1930, he suggeéted that we
should think about a proposition as a problem, Fr. probldéme, or
expectation, Fr.‘abtente. And, in the wellknown paper of the fol-
iowing year, which appeared in Erkenntnis, he used the terms
expectation, Ger. Erwartung, and intention, Ger. Intention, Thus
he suggested that one should think of a proposition as a problem,
or as an expectation, or as an intention, And, another year later,
there appeared a second papef by Kolmogorov, in which he obsecrved
that the laws of the intuitionistic propositional calculus becone
evident upon thinking of the propositional variables as ranging
over problems, or tasks, The term he actually used was Ger. Auf-

gabe. On the other hand, he explicitly said that he did not want -
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to oﬁuatc the notion of proposition with the noltion of problem
and, correlatively, the notion of truth of a pfoposition with the
notion of solvability of a problem. lle merely proposed the inter-
pretation of propositions as problems, or tasks, as an alternative
interpretation, validatingvthc laws of the inbuibioﬁistic propo-
sitional calculus. '

Returning now to the form of judgement
A is a proposition,

the semantical explanation which goes together with it is this,
and here I am.using the knowledge. theoretical formulation, that
to khow a proposibibn, which may be replaced, if you want, by
problém, expectafion, or intention, you must know what counts as

a verification,; solution, fulfillment, or realization of it.

Ifere verification matches with proposition, solution with problen,

fulfillment with expectation as well as wibh intention, and real-
ization with intention, Mealization is the term introduced by
'Kleene, but here I_am of course not using it in his sense:
Kleene’s realizability interpretation is a nonstandard, or non-
intended, interpretation of intuibionistic logic and arithmetiec.
The~terminology of intention and fulfillment was takén ovef by
Heyting from Huséerl, via Oskar Becker, apparently, There is a
long chapter in the sixth, and last, of his Logische Untersuch-
ungen which bears the title Bedeutungsintention und Bedeutungs-
erfiillung, and it is these‘two terms, intention and fulfiliment,
Ger..Erfullung, that Heyling apﬁlied in his analysis of the no-
tions of propositién and truth, And he did not just take the

terms -from Iusserl: if you observe how Ilusserl used these terms,
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‘you will sce that they were appropriately applied by Ileyting.

Finally, verification scems to be the perfcet term Lo use to-

gether with proposition, coming as it does from Lat. verus, true,

and facere, to make. So to verify is to make true, and verifica-

tion is the act, or prooess,vof verifying something. For a long’
time, I tried tobavoid using thé term verification, because it
immediately gi?es rise to discussions about how the present ac-
count of the notions of proposition and truth is related to the
verificationism that was discussed so much in the thirties. But,
fortunately, this is fifty years ago now, and,vsince we have a
word which lends itself perfectly to expressing what needs to be
expressed, I shall Simply usc ilt, without wanting to get -into
discussion about how the present semanticai theory is related to
ﬁhe verificationism of the logical positivists;

What would an example be? If you take a proposition like,
The sun is shining,

to know that proposition, you must know what counts-as a veri-
fication of it, which - in this case would be the direct seccing of

the shining sun, Or, if you take the propesition,
The temperature isAiO0 c,

then it would be a direct thermometer recading. What is more in-
tereSting, of course, is what the corresponding explanations look
like for the logical operations; which I shall ‘come to in my last
lecture.‘ | |

Coupled with'the preceding explanation of what a proposition

is, .is the following eXplanation of what a truth is, that is,



— 242 —
of what it means for a proposition to be true. Assume first that
A is a proposition,

and, because of the omnipresence of the epistemic fdrce, I am
really asking you to assume that you‘know. that is, have grasped,
that A is a proposition. On that assumption, I shall explain to

You what a judgement of the form

A is true,
or, briefly,

A Lrue,

means, that is, what ydu must know in order to have Lhe right to
make a judgement of this form. And the explanation would be that,
to know that a,proposition is true, a problem is solvable, an ex-
pectation is fulfillable, or an intention is realizable, you must
know how to verify, solve, [ulfill, or realize it, réspectivcly.
Thus this explanation equates truth with verifiability, solv-
ability, fulfillability, or realizability. The important point

fo observe heré is the change from is in A is true to can in

A can be verified, or A is verifiable. Thus what is expressed in
térms of being in the first formulation really has the modal
character of possibility.

Now, as I said earlier in this lecture, to know a judgement.
is the same as to possess a proof of it, and to know a judgemeht
of the particular form A is true is the éame as to know how, or
be able, to verify the proposition A, Thus knowledze of a judge-

ment of this form is knowledge how in Ryle’s terminology. On the
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other hand, to know how Lo do something is the same as Lo possess
a way, or mecthod, ol doing it. This is reflected in Ihc ctymology
of the word method, which is derived from Gr.fkexjél after,
and égofs, way. Taking all into account, we arrive at the con-
clusion that a proof that a proposilbion A is true is the same as
a method of verifyiung, solving, fulfilling, or realizing A. This
is the explanation for the frequent appcarance of the word meth-
od- in Ileyting’s cxplanations of the meanings of the lozical con-
stants, In connection with the word method, notice the tendency
of our language lLowards hypostatization. I can do perfectly well
without the concepl of method in my semantical explanations: it
is quite sufficient for me to have access to the expression know
Irow, or knowledge how. But it is in the nature of our language
that, when we know lLhow to do something, we say that we posscss
a method of doing it. |

Summing up, I have now explained Lthe two forms of caheqor-.

ical judgement,

A is a proposition

and

A is true,

respeetively, and they are the only forms of categorical Judge-
ment that I shall have occasion to consider. Observe that know-

ledge of a judgement of Lhe second form is knowledge how, more

precisely, knowledge how to verify A, whereas knowledge of a
judgement of the first form is knowledge of a problem, expecta-

tion, or intention, which is knowledge what to do, simply. llere
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T am introducing knowledge what as a counterpart of Iyle’s know-

ledre how, So the difference between these two kinds. ol knowledge

is the difference belween knowledge what to do and knowledge how
to do it, And, of course, there can be no question of knowing how
to do something before you know what it is that is to be done.
The difference between the two kinds of knowledge is a calegor-
ical one, and, as you sce, what Ryle calls Lknowledge that, nameiy,
knowledge that a proposition is true, is equated with knowledge
how on this analysis. Thus the distinction betwcen knowledgze hLow
and knowledge that evaporates on Lhe intuitionistic analysis of

the_notion of truth,

245 —

Third lecture

The reason why I said that the word verification may be dan-
gerous is that the priciple of verification formulated by the
logical positivists in the thirties said that a proposition is
meaningful if and only if it is verifiable, or that the meaning
of a proposition is its method of verification. Now that is tlo
confuse meaningfulness and truth. I have indeed used the word
verifiable and the expression method of verification. But what is
cquated with verifiability is not the meaningfulness bul the
truth of a proposition, and what qualifiecs as a method of veri-
fication is a proof that a proposifion is true. Thus Lhe meaning
of a proposition is not its method of verification. Rather, the
mcaning~of.a proposition is determined by what it is to verify it,
or whatvcounts as a verilication of it,

The next point that I want Lo bring up is the question,

Are there propositions which arec Llrue,

but which cannot be proved to be true?

And it suffices to think of mathematical propositions here, like

“the Goldbach conjecture, the Riemann hypotlhesis, or Fermat’s last

theorem. This fundamental question was once posed bto me outright
by a colleague of mine in the mathematics departmenl, which shows
that even working mathematicians may find themselves puzzled hy
deep philosophical questions. At Lirst sight,‘ab least, there

seem to be two possible answers Lo this question. Oue is siumply,
No,

and the other is,
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Perhaps,

although it is of course impossible for anybody to exhibit an
example of such a proposition, because, in order to do that, he
would already have to know il to be true. If you arc at all puz-
zlad by this question, it is an excellent subject of meditation,
because it touches the very conflict belwecen idealism and realism
in the thcory of knowledge, the first answer, No, being indicative
of idealism, and the sccond answer, Perhaps, of realism. It
should be clear, from any poinkt of view, that Lhe answer depends
on how you interpret the three notions in terms of which the
queslion is\formulatod, that is, the notion ol proposition, the
notion of trﬁth, and Lhe notion-of proof. And it should already
be clear, I .believe, from the way in which T have explained these
notions, thal the question simply ceascs to be a problem, and
that it is the first answer which is favourcd.

To sece this, assume first of all that A is a proposition,

or problem. Then
A is true

is a judsement which gives risc Lo o noew problem, namely, the
problem of proving that A is Lruc. To say lhat Lhat problem is
solvable is preciscly ‘the same as saying bLhat the judgement Lhat
A is true is provable. Now, the solvability of a problem is al-

ways expresscd by a judgement., lence
(A is true) is provable

is a new judgement. What I claiwm is Lhat we have the rizht to
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make this latter judgement if and only if we have the right to

make the former judgement, that is, that the proof rule

A is lruc

(A is true) is provable
as well as its inverse

(A is truec) is provable

A is true

are both valid. This is the sense of saying that A is true il and
only if A can be proved Lo be true. To justifly the first rule,

assume that you know its premise, thal is, that you have proved

‘that A is true. Bub, il you have proved thalt A is true, then you

can, or lnow how to, prove that A is true, which is what you nced
to know in order to have the right to judge the conclusion. TIn
this step, I have relied on the principle that, if something has
been done, then it can bhe done., To justify the second rule, as-
sume that you know its premise, that is, thalt you know how to
prove the judgenment A is Llruc. On that assumption, I have>to eX-
plain the conclusion to yéu, which is-to say that I‘have to ex-
plain how to verify the proposition A. This is how you do it.
First, put your knowledge of the premise into practicc., That
yields as result a proof that A is true. Now, such a proofl is
nothing but knowledge how Lo vcrify; or a method of verifying,
the proposition A. llevce, putting it, in turn, into practice, you
end up with a verification of Gthe proposition A, as required,

Obscrve Lhat ‘the infercnce in this direction is essentially a

~contraction of Gwo possibilities into one: if you kunow how to
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know how to do something, then you know how to do it.

All this is very easy to say, but, if one is at all puzzled
by the question whether there arc unprovable truths, then it is
not an easy thing to make up one’s mind about. For instance, it
seems, from lleyting’s writings on the semantics of intuitionistic
logic in the early thirties, that he had not arrived at this po-
sition at ihat time. The most forceful and persistent criticism
of the idea of a knowledge ihdependeﬁb,»or knowledge transcendent,
notion of truth has been delivered by Dummett, although it secems
difficult to find him ever explicitly committing himself in his
writings to the vicw thal, if a proposition is true, then it can
also be proved Lo be true. Prawitz seems to be lecaning towards |
this nonrealistic principle of truth, as he calls it, in his pa-
per Intuitionistic Logic: A Philosophical Challenge, And, in his
book Det Osédgbara,. printed in the same ycar, Stenlund explicilly
rejects the idea of true propositions that are in principle un-
knowable. The Swedish proof theorists seem Lo be arriving at a
common philesophical -position.

Next I have to say something about hypothetical judgements,
before I proceed to the final piece, which consists of the ex-
planations of the meaninzs of the logical constants and the jus-
Lifications of the logical laws. So far, I have only introduced
the two forms.of categorical judgement A is a proposition and
A is true. The only Torms of judgement that I neced to introduce,
besides these, are forms of hypothetical judgement. Ilypothetical
means, ol course the same as under assumptions, The Gr. STrgeeers,
hypothesis, was translated into Lat. suppositio, suppoqition, and

they bhoth mean .the same as assumption., Now, what is the rule for
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making assumptions, quite senerally? It is:'simple. Whenever you
“have a judgemcnt in the sense Lhat I am using the wofd, that is,
a judgement in the sense of ‘an instance of a form of judgement,
then it has been laid dowﬁ what you must know.in order to have
the right to make it. And that means that it makes perfectly good
scnse to assﬁme it, which is the same as to assume that you know
it, which, ‘in turn, is the same as to assume_thqt you have proved
it. Why is it the same to assume it as to assume that you know
it? Becausc of the consltant tacit convention that the epistemic
force, I know ..., is lhere, even if il is not made explicit.
Thus, when you assume something, what you do is that you assume
that>yoﬁ know it, that is, that you have proved it. And, to re-
peat, the rule for making assumptions is simply this: whenever
you have a judgement, in the sense of an insténde of a form of
judgement, you may assume it. That gives rise to the notion of
hypothetical judgement and Lﬁc notibn of hypochetical proof, or
proof under hypotheses.
The forms of hypothetiéal judgement thatvI shall need are
not so many, Many more can be introduced, and they are needed for
;other purposes., But what is absolutely necessary for me is to

have access to the form
true

A, true, ..., An

1 A prop,

which says that A is a proposition under the assumptions that

Ai’ ...,’An are all true, and, on the other hand, the form

A true,

A1 true, ..., An

true

which says that the proposition A is true under the assumptions
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that Ay, ..., A

n are -all truc, Ilere I am using the vertical bar

for the relation of logical consequcunce, lhat is, for what Gentlzen
expressed by means of thie arrow ;%> in his .sequence calculus, and
for which the double arrow :€> is also a common notation, It is
Lhc.relation.of logical consequence, which must be carcfully dis-
tinguished from implication. What stands to the lefl of the con-
éequonce sign, we call the hypolhescs, in which casec what follows
“the conscquence sign is called the thesis, or we call the Judge-
“ments that precedc the consequence sign lhie anbtecedents and the
 judgement that follows after tho consequence sign the consequent,
This is the terminology which Gentzen took over from the scholas-
‘tics, except that, for some reason, he changed consequent into
sﬁccedenbfand consequence into secquence, Ger. Sequenz, usually

improperly rendered by sequent in English,

hypothetical judgement

(logical) consequence

- —— ™
A1 true, ..., A  true l A prop
A, true, ..., A true | A Lrue
) N ~— B
anteccdents conscquent
hypotheses thesis

Since I am making the assumptions A, true, ..., A true, I nmust

1

be presupposing something here, because, surely, I cannol make

n

those assumptioné unless they are judgements. Specifically, in
order for A1 true to be a judgement, A1 must be a proposilion,

and, in order for A, true to be a judgement, A, must be a propo-

2
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sition, but now mercly under thé assumption that A1 is true, ...,
and, in order for A“ true to be a judgement, An musC be a nropo-
sition under Lhe assumptions Lhat Ai’ ey An-i are all true.

L3
Unlike in Gentzen’s sequence calculus, the order of the assump-
l.ions 15 important héro. This is becausec of the gencralization
that something being a proposilion may depend on other Lhings be-

ing true. Thus, for the assumptions to make sense, we must pre-

suppose
A1 prop,

A1 true A2 prop,

A1 true, ..., An_1 true A“ prop.

Supposing this, that is, supposing that we know (his, it makes
'pqrfcctly good sense to assume, first, that A1 is true, second,

thai A2 is true, ..., finally, that An is true, and hence

A1 true, ..., An true A prop

is a perfecltly good judgement whatever expression A is, that is,
whatever cxpression you inserl into the place indicated by the

variable A. And why is it ‘a zood judgement? To answer that ques-
tion, T must explain to you what it is to know such a Jjudgement,
Lhat is, what constilutes knowledge, or proof, of'such a judge-
ment, Now, quite zenerally, a proof of a hypothetical judgement

.or logical conscquence, is nothing but a hypothetical proof of

the thesis, or conscquent, from the hypotheses, or antecedents.
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The notion of hypothetical proof, in turn, which is a primitive

notion, is explaincd by saying that it is a proof which, when

+ supplemented by proofs ol the hypotheses, or anteccdents, becomes

a prool of the thesis, or consequent., Thus the notion of categor-

ical proof precedes the notion of hypothetical proof, or infer-

';ence; in the order of conceptual priority. Specializing this geh-

eral explanation of what a proof of a hypothebical judgement is

~to the particular form of hypothetical judgement

‘that we are in the process of considering, we secc that the defin-

A1 true, ...,

ing property of a proof

A1 true

N

A

of such a judgement is that,

1

of the hypothecses,

of the thesis,

|

A1 true

A, true

N

An true A prop

‘e A true
n

prop
when it is supplemented by proofs

A_ true
n

or antecedents, it beeomes a proof

|

S A true
n

A prop

or.consequent,
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Consider now a judgement of Lhe second form
1

A, true, ..., An true A true.

For it Lo make good sense, that is, to be a judgement, we must

knbw, not only

A1 prop,

A, true A2 prop,

.

A, true, ..., An~1’true An prop,’

as in the case of the previous form of judgement, but also

¢

A, true, ..., An true A prop.

1

Otherwise, it does not make sense Lo ask oneself whether A is true
under the assumptions A1 true, ..., An true. As with any proof of

a hypolhetical judgement, the defining characteristic of a proof

A1 true e An true

A Lrue B

of a hypothetical judgement ol the sccond form is that, when

'supplcmcﬁted by prools

A, bLrue An true

1
7

of the antecedents, it becomes a categorical proof
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A1 ii:i .o /j:L/}rue
A true

of tLhe consequent,

I am sorry that I have had Lo be so brief in my treatment of
hypothetical judgements, but what I have said is sufficicnt for
Lhe(following, excepl that I need to gcﬁe;alizc the two forms of
hypothétical Judgement so as to allow generality in them. Thus

I need‘judgcmonbs which are, nol only bypothetical, but also goen-

eral, which means thal (he first form is tLurned into

Ai(xi,...,xm) true, e An(xl,...,xm) true

Ix x A(xj,...,xm) prop
1 5
and the second form into
A(x,,...,x ; > g
' 1( 1 X, ) true, ..., An(xi""’xm) truc

lxl,.,,,xm A(Xl,...,xm) true,

Both of these forms involve a fenerality, indicated by subscrib-

ing the variables that are being generalized to the consequence

-sign, which nust be carcfully distinguished from, and which must

be explained prior to, Lhe generality which is expressed by means .

of the universal quantifier. Il was only to avoid introducing all
complications at once that I Lreated the case without menerality
first. Now, Lhe meaning of a hypothetico-general judgement is ex-

plained by saying that, to have the right Lo make such a Jjudge-
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ment, you must possess a free variable proof of the thesis, or
consequent, from the hypotheses, or antecedents. And what is a
free variable proof? It is a proof which remains a proof wheun you

substitute anything you want for its free variables, that is, any

‘expressions you wanl, -of Lhe same arilies as (hose variables,.

Thus

Ai(xi,...,xm) true ous An(xl,...,x ) true

m

A(xl,...,xm) prop

is a proof of a hypothetico-general judgement of tLhe first form

provided it becomes a catcegorical proof

¢

.,a_) truc e An(al,...,a } true

Ai(al"' m m

A(ai,...,am) prop

when you first substilute arbitrary cexpressions ag, ...,'am,

of the same respecbive arities as the variables Xys eevy X

Ibr those Variables, and then supplement it with proofs

'Ai(al""’am) true An(al,;..;am) true

of the resulting substitution instances of.fhe antecedents, The
explanation of what constitutes a proof of-a hypolhetico-general
Judgenent of the second form is cﬁtircly,similar.

The difference between an inference and a logical consc-
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quence, or hypothetical judgement, is that an inference is a
proof of a logical consequehce. Thus an inference is the same¢ as
.a hypothetical proof. Now,; when we infer, or prove, we infer the
conclusion from the premises, Thus, juslt as a categorical proof
is said Lo be a proof of its conclusion, a hypothetical proof is-
said to be a proof, or an infbrence, of its conclusion from ils
premises. This makes it clear what is the connection as well as
what is the difference betwéen‘an inference‘with its premises and
conclusion on the one hand, and a logical conécquenoc with its
antecedeﬁts and consequent on thq olher hand., And the difference
ié'precisely that it‘is the bresence of a proof of a logical con-
sequence thalt turns its antecedents into premises and the conse-
duent“into conclusion of the proof in question. For example, if

A is a proposition, then
A true I A true

is a perfectly good logical conscquetice with A true as antccedent

and L true as conscquent, but

A true

L. true

is not an inference, not a valid inference, that‘is, unless A is
false. In that case, only, may the conclusion L true be inferred
from the premisé A true. | |
-Lét us now pass on to the rules of inferénce, or proof rules,
and their semantical -explanations. I shall begin with the rﬁleé
“of implication. Now,; since I am treating A is a proposition as a

. Torm of judgement, which is on a par with the form of judgement
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A is Lrue, whal we ordinarily call formation rules will count as
rules of inference, but Lhat is mercly a terminological matter.
So let us look at the formation rule for implicatbion,

oD =formation,

(A true)
A prop- B prop
A D B prop

This rule says, in words, Llhal, if A -is a proposition and B is a.
proposition provided that A is Lrue, then A D B is a proposilion.
In the second premise, I might just as well have used the nota-

tion for logical consequence
A true B prop

that I introduced earlier in this iecture, because to have a
proof of this lozical consequence is precisely the same as td
have a hypothetical pfobf of B prop from the assumption A truec.

But, for phe moment, f shall use the more suggestiive notation

(A true)

B prop

in imitation of Genfzen. It does not matler, of courée, which
ndtaLiou of the two ﬁhab I'employ. The meaning is in any case
the sdme. o | |
Explanation.'The rule of implication forhabion is d rule of
immediate inforcnoe, which means that y0u must make.the conolu-’
sion'cvidént to yourself immediately, without any ihtervening |

steps, on the assumption that you know the premises. So assume
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that you do know the premiscs, that is, lhat you know the propo-
sition A, which is to say thal you know what counls as a veri-

fication of it, and that you know that B is a proposition under

the assumption that A is true, My obligation is to explain Lo you

what proposition A D B is. Thus I have to explain Lo you what
counts as a veriflication, or solulion, of this proposition, or
problem. And the explanation is that{ what counis as a verification

~of A DB is a hypolhelical proof

A true

B true

that B is true under the assumplion Lhal A is true. In the Kolmo-~
gorov interpretation, such a hypothetical proofl appears as a
method of solving the problem B provided that the problem A can
be solved, that is, a method which together with a method of
solving the problemkA becomes‘a method of solving'bhe problem B.
The explanation of tlie meaning ol implication, which has just
been given, illustrates again the rigidity of the order of con-
ceptual priority: (he notions of hypothetical judgement, or 16g—
ical conseduence, and hypothntiéaL_pronf have to be explained
before the notion of implication, because, when you cxplain im-
plication, Lhey arc already presuppbsed.

Given the preceding explanation of the meaning of.implica—
bion; it is not difficull to justLify Lhe rule of implication

introduction,
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~-introduction.

(A true)
B true

“AD B true

As you see, I am writing it in the standard way, although, of
course, it is still presupposed that A is a proposition and that
B is a proposition uuder the assumption that A is true. Thus you
must know the premises of thc‘formatioh rule and the premise of
the ihtroduction rule in order to be able to grasp its cgnclusipﬁQ
Explanation, Again, the rule of implication introducﬁion is

a rule of immediate inference, which means that you must make Gthe

- conclusion immediately evident to yourself cranted that you know

the premises, that is, granted that you possess & hypothetical
proof that B is true from the hypothesis that A is true. By the
definition of implication, such a proof is nothing but a veri-
fication of the proposition'A D B. Aﬁd what is it that you must
know in order (o have the right to judge A D B to be true? You

must know how to get yourself a verification of A D B. But, since

'you already possess it, you certainly know how to acquire -it:

just take what you already have. This.is all that there is to be

seen in this particular rﬁlc. Observe that its justification
rests again on the principle that, if something has been done,
then it can be done,

Next we come to the elimination rule for implication, which
I shall formulate in the standard way, as modus ponens, although,
if you want all elimination rules to follow the same pattern,

that is, the pattern exhibited by ‘the rules of falsehood, disjunc-
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tion, and existence elimination, there is another formulation
that you should consider, and which has been considered by
Schroeder-Illeister. But I shall have to content myself with the
standard formulation in these lecturecs,

-} -elimination .

*

A DD true A true

B true

Here it is still assumed, of course, that A is a proposition and
that B is a proposition provided that A is Lrue.
Explanation. This is a rulec of immediate inference, so as-

sume that you know the premises, that is, that you possess proofs

and

ADDB true A true

of them, and I shall try to make the conclusion evident to you.

Now, by the definitions of the notion of proof and the notion of
truth, the proof of the first premise is knowledge how to verify
the proposilion A'D B. So put (hat knowledge of'yours into prac-
tice, What you then end up with is a Verification of A DB, and,
because of  the way-implication was delined, that verification is

nothing but a hypothetical proof

A true

B true

that B is true from the assumption that A is true. Now take your

— 261 —

proof of the right premise and adjoin it to the verification of

A D B. Then you gei a catesgorical proof

A Lrue

B true

of the conclusion that B is true. llere, of coursec, T am implicit-
ly using the principle that, if you supplement a hypothetical
prool wilh proofs of its hypolheses, then you get a proof of ils
conclusion. But Lhis is in Lhe nature of a hypothetlical proof: it
is -that property which mékcs a hypobhebicnl‘prodf into what it is,
So now you have a prool that B is true, a proof which is know-
ledge how to verify B, PuLtinﬁ it, in turn, 1nt6 prachice, you
end up with a verification of'ﬁ. This finishes my oxplénabion of
how Lhe proposition B is verified,

In the course of my scmantical cxplanalion of the elimina-
tion rule for implication, I have performed certain tLransforma-
tions which are very much like an implication reduction in the
sense of Prawitz. Indecd, I have éxplaincd the semantical role of
this syntactical Lransformation. The placc where it belongs iﬁ
the meaning theory is prcciéely in the semauntical explanation, or
Justificalion, of the eliwination rule for implication. Similarly,
the reduction rules Tor the other logical constants serve to ex-
plain the elimination rules associafcd with those constants, The
key to secing the relationship bétﬁecﬁ the reduction rules and

the semantical explanations of the climination rules is this:
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Lo verily a broposition by puttling a proofl of yours that it is
true inlo praclice corresponds Lo reducing.a natural dcdﬁcbion to
introductory form and deleting the last inference. This takes for
granted, as is in fact the case, that an introduction is an in-~
ference in which you conclude, from the possession of a veriTica-
Lion of a proposition, Lhat you know how to verify it., In parti-
cular, verifying a proposition B by means ol a proof that B is

Lrue

AD B true A truc

B true

which ends with an application of modus ponens, corresponds to

reducing the proof of the left premise to introductory form

(A true)

B true

AD D brue A true

B true

then performing an implication reduction in the sénse of Prawitz,

which yields the proof

A (rue

B true
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as result, and finally rcducing the latter proof Lo introductory

form and deleting its last, introductory inference. This is the

syntactical counterpart of the semantical explanation of the

elimination rule for impllication.

The justifications of the remaining logical laws follow the
same pattern. Let me take the rules of conjunction next.

& -formation,

A prop B prop

A & B prop

Explanation. Again, assume that you know the premises, aund
I shall explain the conclusion to you; that is, I shall tell you
what coﬁnts as a verification of A & B. The explanation is thal
a verification of A & B consists of a proof that A is truc and a

proof that B is true,

and

A true B true

that is, ol a method of ycrffying A and a mcthod of verifying B.
In the Kolmogorov interprofahion, A & B appears as the problem
which you solve by constrhéting bolh a method of solving A and
a method of solving 1.

& ~introduction.

A true B true

A & B truc

Ifere the premises of the formation rule are still in force, al-
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bhough not made eéxplicil, which is to say Lthat A dﬁd B are sLili

assumed Lo be propositions,

Explanation. Assume that you know the premiscs, that is

1

Lhat you possess proofs

and

A truc ' B true

of Lhem, Because of the meaning of cbnjuncbjon, just explained,
this means (hat you have verified A & B, Then you certainly can,
or know how Lo, verify bhé proposition A & B, by the principle
that, 1f sonmething has been done; then il can be done, And this
is preccisely what you need to knéw in.order to have theée right to
judge A & B to be true.

If you want the elimination rule for conjunction to exhibit
the same pattern as the elimination rules for lalschood, disjunc-
tion, and existence, it should be formulated differently, but,
in its standard formulation, it recads as follows,

& ~climination.

A & B true A& B ftrue

A true B true

Thus, in this formulation, there are two rulesvaﬁd not only one.
Also, it is still presupposed, of coursé, that A and B are propo-
sitions,

Explanation. It suffices for me to explain one of the ruics,
say Lhe first, because the explanation of the other is oomplétely

analogous. To this end, assume that you know the premise, and I
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Shali explaiﬁ Lobyﬁu Live conclusién, which is Lo say tﬁat I shall
explain how to verify A. This is hqw you do it. Fjrsé use your
knowledge of the premise to get a verification of A & B. By the
meaning of conjunction, just explained, that verification consists

of a proof that A is true as well as a proof that B is true,

and

A Lrue B true

Now scleet the first-of these two proofs. By: the definitions of
Lhe notions of proof and Lruth, lhat proof is knowledge-how ‘to-
verify A. So, putting it into praclice, you.end up with a veri-
fication of A, This fin{shes the explanalions of the rules of
conjunction.

The next logical operaltion to be trealed is disjunction,
And, As always, the formation rule mus!t -be explained first.

V -formation,

A prop B prop

AV B prop

Explanation., Po justify it, assume that you know the pre-
miscs, that is, that you know‘what it is Lo verifly A as well as
what it is to verifly B. On thatyassumphion, I explain to you what
proposition A ¥ B is by saying that a verificalion of AV B is

either a proof that A i¢ truec or a proof that B is bLrue,

A Lrue B true
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vThus, in tlhe wording of the Kolmogorov interpretation, a solutioh
to the problem A V B is cither a melhod of solving the problem A
or:a method of Solving thc'problom B. -

V -introduction,

A truc B true

AV B true AV B true’

In both of Lhese ru]es; the premises of the formation rule, which
say lhat A and B are propositions, are still in‘force.
Explanation, Assume ﬂhat you know the premise of the firsﬁ
rule of disjunction introduction, that is, that you have proved,
or possess a proof of, the judgement that A is true. By the defin-
ition of disjunctiou, this proofvis a verification of the propo-
sition AV B. Ilence, by the principle that, if somebhing has been
done, then it can be done, you certainly can, or know how Lo,
verify the proposition A V B. And il is this knowledge which you
express by judging the conclusion of the rule, that is, by judg-
ing the prgposition AV B to be true. The explanation of the
second rule of disjunction introduction is entirely similar,

V -e¢limination,

(A true) (B true) . ’
AV B true " C true ¢ true
C true

llere it is presupposed, nolt only that A and B are propositions,
but also that C is a proposition provided that A V B is true,
Observe thali, in this formulation of the rule of disjunction

elimination, C is presupposed lLo-be a proposition, not oubright,
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but merely on the hypothesis ﬂhat AV B is true. Otherwise, it is
jusl like the Gentzen rﬁle;

Exnianﬁtion. Assume that you know, or have proved, the pre-
mises. By the definition of ﬁruth; your knowledge of the first
préhise is knowledge how to verin the proposition A V B. Put
that knowledge of yours into practice. DBy thp definition of dis-
junction, you then end up eithcr>with a prool Lhat A is Lruq or

with a proof that B is true,

A true B truc

In the first case, join the proof that A is true to the proof
that you already possess of the second premise, which is a hypo-

thetical proof that C is true under the hypothesis that A is lrue,

A true

C true .

You then get a categorical, or ndnhypbbhébioal, proof thal C is

Lrue,

A truc

C true -

Again, by the definition of truth, this proof is knowledge how Lo

verifly the proposition C. So, putting Lhis knowledge of yours
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into practice, you verify C. In the sccond case, join the proof
Lthat B is btrue, which you ended up with as a resull of pubting

your knowledge of the first premise into practice, to the proof
that you already posscss of Lhe third premise, which is a hypo-

thetical proof that € is true under the hypothesis that B is Llrue,

B true

C true

You then get a categorical proof that C is true,

B Lruc

C true

As in the first case, by the delinition of truth, this proof ié
knowledge how to verify the proposition C. So, putting this know-
ledge into practice, you verify C. This finishes my cxplanation
Tow to verify Lhe proposition C, which is precisely what you necd
Lo know in érddr Lo have the right Lo inIcrbbho conclusion that

C is true.

A -formation.
A prop
Explanalion, This is an axiom, but not in its capacity ofl

mere fizure: to become an axiom, it has to be made evident. And,

/7

to make il evident, I have to cxplain what counts as a verilication
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of‘J_. The cxplanation is th#t there is nothing that counts as a
verificatiou of the proposition L. Under no condition is it true,
phinking of 1. as a problem, ds in Lhe Kolmomerov interpretatlion,
it is the problem which is defined lo have no solution,

’ An introduction is an inference in which you conclude that a
proposition is true, or.can be verified, on the ground ihat you
have vérificd it, that is, that you possess a verification of it,
therefore, . being defined by the stipulation that there is no-
thing that counts as a veriflication of ilL, there is no introduc-
{ion rule for l(alschood.

L -climination.

L true

C truc

Here, in analogy with the rule of disjunclion elimination, C is
presupposed to be a proposition, not outright, bul mercly under

the assumption that A is Lruec. This is the only divergence fron

Gentzen’s formulation of ex falso quodlibet.

vExplanaLion. When you infer by this rule, you undertake to

verify the proposition C when you are provided with a proof that

1 is Eruo,_LhaL is, by Lhe dcfiniLion of truth, with a method of
Qerifying L. put this isrsomeLhing that you can snfely undertake,
because, by the definition of falschood, there is mothing that
counts as a verification of . Henmece L is false, that is, can-
not be verified, and hence it is impossible that you ever be pro-
vided with a proof that _L. is true. Observe the step here from

@he falsily of the proposition L. to the unpro?abiliLy of the

judgement that 1. is bLrue. The underiaking that you make when you
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infer by the rule of falschood elimination is Lhéreforé like say-.

ineg,
I shall cat up my hat if you do sucli and such,

where such and such is sométhing of which you know, that is, are
cerlain, that it cannot be donc.

Observe that the justification of the elimination rule‘£6r
faisehood only resls on Lhe knowledgerthat 1 is false. Thus, if
A is a proposition, nol néccssarily Al., and C is a proposition

provided that A is Lrue, then the infecrence

A Llrue

C true

isvvalid,as soon as A is false. Chobsing C to be 1., we can con-
clude, by implication introduction, that A D . is true provided
~that A is false, Convcrsoiy, if A>. L is true and A is true,
then, by modus ponoﬁs, A would be true, which it is not. lence
A is false if A D 1. is true. These two facts ﬁogcthcr,justify
tlie nominal definition of ~A, the negation of A, as A D L,
which is commonly made in intuitionislic logic. llowever, the fact
that A is false if and only if ~A Iis truc should nol, tempt one

to défine the notion of denial Dby saying thap
A is lalse

means that
~A is'frué.

That the proposition A is Talse still means Lhal it is impossible
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to verify A, and this is a notion which-cannot he reduced to the

ndLions ol ncration, necation of propesitions, that ¥s, and truth.’

“penial comes hefore negation in bthe order of conceplual priority,
~just as logical consequence comes before implicalion, and the
"~ kind of generality which a judgement may have comes before uni-

“versal quantification.

"As has been implicit in what I have just said,

A is false = A is not truec = A is not

verifiable = A cannot be verified.

Moreover, in the course of justlifying the rule of falschood elim-
inution,bI proved bhat 1 is false, that is, that _L is not Lrue,
Now, remember thal, in the-very beginning of Lhis lecture, we
convinced oursclves that a proposition is true if and oniykif Lhe
Jjudgement that it is lrue is provable. llence, negating bolh mem-
bers, a proposition is false il and only if the judzement that it
isbbruc cannot be proved, that is, is unprovable, Using Lhis in
one dircétion, we can Conéludc, from the alrcady eslablished
falsibty of L., that the Judgement that L is true is unprovable,
This is, if you wanbt, an absolulte consistency prool: il is a
proof of consistency wilh respect Lo the unlimited notion of

provabilily, or knowability, that pervades thesc lectures. And
(1 is true) is unprovable

is Lhe judgement which expresses Lhe absolule consistency, if
I may call it so. By my chain of explanations, I hope that I have
succceded in making it evident.

The absolute consistency brings with it as a consequence Lhe
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relative consistency ol any system of correct, or valid, infer-
ence rules. Supposc namely that you have a certain formal system,
a system of inference rules, aﬁd LhaL yoﬁ have a formﬁl proof in‘
Lthat system of Lhé judgement that L is_Lruc. Because of the éb-
solute consislency, that is, Lhc‘unprovability of the Judmcmcnb
that L is true, that formal proofl, although formdlly correct, is
ne proof, not a real proof, that is., low can_that conte about?
Since a formal proof is a chain of formally immediate inferences,
that is, instances of the inference rules of Lhe system, that can
only come aboul as a.resulb of there being some rule of infercnce
which is incorrect. Thus, if you have a formal systom, and you
have coﬁvinced yoursell of the correctness of the inferoncc_rulcs
that belong to it, then you are surc Lhal the judgement that

14 is true camnol be proved in the system. This medns that ﬁhe
Consisbéncy problem is rcally the problem of the correctness of
the rules of inference, and that, at somQ stage or another, you
cannot avoid having Lo convince yourself of their corroctnqss.

or course, il you take any old formal system, it may be thal youn
can carry out a meclamathematical consisbency proof for it, but
“Lhat consislency proof will rely on the intuitive correcbncés of
the prinbiplos of reasoning that you use in that proof, which |
means that you are nevertheless relying on the correctness of
certain forms of inference. Thus’the consistency problem is recal-
ly the problem of the correctness of the rules of inference Lhat
vou follow, consciously or unconsciously; in your rcasoning.

After Chis digression on consistency, we must returh‘to Lho:

semantical explanations of the yuies of inference. The ones that

remain arce the quantifier rules.
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\/—formétion.

A(x) prop
(V x)A(x) prop

Explanatioh, The premise of Lhis rule is a judgement which

has generality in it. If I were to make it explicit, I would have

Lo write it
lX A(x) prop.

IL is a judgemént which has gencrality in il, althoush it is free
from hypotheses. And remember what il is to know such_a judge-
ment: il is to possecss a frec variable proofl of il. Now, assune
that you do know the premise of this rule, that is, thal you pos-
sess a free variable proof of the judgement that A(x) is a propo-
sition. On that assumption, I explain the conclusion to you by
stipulating that a verification of the proposition (¥ x)A(x) con-

sisls of a frece variable proof that A(x) is true, graphically,

A(x) true

By definition, that is a proofl in which the variable x may be
replaced by anything you want, that is, any expression you want
of the same arity as the variable x. Thus, if x is a variable
ranging over complete expressions, then you must substituble a
complete expression for it, and, sinmilarly, if it ranges over in-
complete expressions of sone arity.'In the Koimdgorov interprect-

ation, the explanaltion of the meaning ol the universal quantifier
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would be phrased by saying that (Vx)A(x) expresses the problem
of constructing a geveral melhod of solving the problem A(x) for

arbitrary x.

\/ -introduction.

A(x) true

(VW x)A(x) true

llere the premise of the formation rule, to the effect that A(x)
is a proposition for arbitrary X, is still in force.
Explanntion. Again, the premise of this rule is a general

judgement ,  which would read
lx A(x) true

if T werc to ecmploy the systemalic notation that I introduced
carlier in this leclturc. Now, assume that you know this, that is
assume that you possess.a free variable proof of -the judsmement
that A(x) is truc. Then, by the ﬁrinciple that, if something has
been doune, then it can be dpno, you certainly can give such a
prool, and Tthis is precisely whal you must be able, or know how,
Lo do in order to have the risht to infer the conclnsion of‘tho
rn\l c.

\/ -elimination,

(Vx)A(x). true

A(a) true

llere it is presupposed, of course, thalb A(x) is a proposition for
arbitrary x. And, as you see, T have again chosen the usual for-

mailation of the elimination rule for the universal quantificr
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'rather than the one which is patterncd upon the eclimination rules
Jor falschood, disjunction, and ecxistence. .
' Explanatbion. Pirst of all, obsefve that, because of the
“lacit assumpbion that A(x) is a proposition for arbilrary x, both
‘(\fX)A(X) and A(a) are propositions, wherc a'is an expression of
the same arity as the variable Xx. Now, assume that you lknow Lhe
prémisc, that is, thal you know how to verify the proposition
(\’X)A(X), and I shall explain to you how Lo verify (he proposi-
Ligh A(a). To begin with, pul your knowledge of the premise into
‘fpractice. That will give you a verification of (V¥ x)A(x), which,
by the deflinition of the universal quantifier, is a free variable

proof that A(x) is true,

A(x) true

"Now, this being a frece variable proof means precisely that it re-
mains a proof whatever you substitute for x. In particular, it

remajins a proof when you substitute a for x so as to get

A(a) truc

S0 now you have acquired a proof Lhat A(a) is true. By the defin-
itions ol lhe notions of proof and Gtruth, this proof is knowledre
‘/hpw to verify the preposition A(a). Thus, pulting it into prac-

lice, you end up with a verificalbion of A(a), as required. .
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J-formation.

A(x) prop

(3 x)A(x) prop

Explanation., Jusl as in the formation rule associated with
the universal quantifier, the premise of this rule is really Lhe

feneral judgement

| A prop,

alithiough T have nol made Lhe gcncfality explicit in the formula-
tion of the rule. Assume thal you know the premise, that is, as-

sume that you possess a free variable proof

A(x) prop

guarantecing that A(x) is a proposition, and 1 shall explain tlo
you what proposition ((dx)A(x) is, thal is, what counts as a
verification of it, The explamation is that a verification of
(3 x)a(x) consists of an expression a of Lhe same arity as the

variable x and a proofl

A(a) true

showing thal the proposition A(a) is true. Observe Lhat Lthe know-
ledge of the premise is needed in order to guarantee that A(a) is
a proposition, so that it makes sense to talk about a proofl tLhat

A(a) is true. In the Kolmogorov interpretation, (JAx)A(x) would
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he explained as the problem of fiuding an expression a, of tlhe
gsame aribty as the variable x, and a method of solving the prob-
sanpttee « ’, < . v i

tem A{a).

3 -introduction,

A{a) Lrue

(Fx)a(x) true

liere, as usual, the premise ol the formation rule is still in
force, which is to say that A(x) is dssumed Lo be a proposilion
for arbitrary x.

Explanation, Assume that you know the premise, that is, as-

sume that you posscss a proof that A(a) is btrue,

A(a) true

‘ Dy the preceding explanation of the meaniung ol the exislential

Quanbifier, the cexpression a together wilh Lhis proof make up a
verificalion of the proposilion (dx)A(x). And, possessing a veri-
fication of the proposition (Ix)A(x), you certainly know how to
verify it, which is what you must know in order to have the riTht
to conclude that (A x)A(x) is ltrue. Like in sy explanations of all
the other introduction rules, I have here l;;'.tlmn for granted the
principle that, il something hus‘bnoﬁ done, thoﬁ it can be done,

J-climination.

(A(x) true)
(3 x)a(x) - C brue

C Lrue
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llecre it is presupposecd, not only that A(x) is a proposition for }

\

carbilrary x, like in the inlroduction rule, but also that C is a

proposition provided that the proposition (I x)A(x) is true.

Explanation., First of all, in order to make it look familiar,

I have written the sccond premise in Gentzen’s nolation

(A(x) Lrue)

" C true
rather than in the notation
A(x) true li C true,

but there is no difference whatever in sensc. Thus the second
premise is really a hypothebico~gencral Judgomont. Now, assumc
that you know the premises. By the. definition of the notion of
truth, your knowledge of the [irst premisc is knowledge how tlo
verify the proposition (dx)A(x). Put thal knowledge of yours
into practlice. You then end up with a verilication of Lhe propo-
sition (Jdx)A(x). By the definition of the existential quanti-
fiof, this veriflicatlion oonsiéLs of an expression a of the same
driLy as the variable x and a proof that the proposition A(a) is

Lrue,

A{a) true

Now use your knowledse, or proof, of the second premise., Decausc

of the meaning of a hypothé¢tico-gencral Judgement, this proof
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A(x) true

C Lrue

is a frec variable proof thal C is true from the hypothesis thatl

A(x) is true. Being a free variable proof means that you may sub-
B I -

stitule anything you want, in particular, the expression a, for

" 4the variable x. You then get a hypothetical proof

A(a) true

C truc

that € is true Trom the hypothesis thal A(a) is true. Supplement-
ihg this hypothetical proof with the proof that A(a) is truc that
ynu ohtained as a resull of pubtting your knowledge of Llhe first

premisc-into practice, you get a proof

A(a) truc

C truc

that € is true, and this proof is nolhing but knowledge how to
verify the proposition C. Thus, putting it into practice, you end
_up having verified Lhe proposilion C, as required.

The promise of the title of Lhese lectures, On the Mcanings

~of the Logical Coenstanls and tLhe Justilications of the Logical

Laws, has now been fulflilled. As you have scen, the explanalions

ol the mecanings of the logical constants are preciscly the eox-
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planations helouging to the formation rules, And the justifica-
liions of the logical laws are the explanations belonging to Lhe
introduction and elimination rules, which arc the rules that we
snormally call rules of infcrence. For lack of time, I have only
been able bo deal with the pure logic in my semanbical cxplana-
Lions. To develop some interesling parts of mathenatics, you also
need axioms for ordinary induetive definitions, in particular,
axiomns of computation and 5xioms Loy the natural pumbers. And, if
you nced predicales defined by t"unsfinite, or generalized, in-
duction, then you will have to add Lhe appropriate formation,
introduction, and climinution rules for them,
I have alrcady cxplained how you sce Lhevconsistoncy of a

formal system of correct infercnce rules, Lhal is, the impossi-

bilily ol constructing a proof

L true

that falsehood is true which procecds according Lo Lhose rulcs,
not by studying metamathematically the prool figures divesled of
all sense, as was Hilboert’s program, bul by doing just the op-

posite: not divesting Lhem of sensc, bul endowing

them wilth sense

“Similarly, suppose that you have a proolfl

A truc

that a proposition A is Lrue which depends, neither on any as-

sumpbtions, nor on any free variables. By Lhe deflinition of Lruth
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And the identificalion of proof and knowledge, such a proofl is
nolhing but knowledge how to verify the proposiﬁion A, And, as'IA
remarked cufljer in this lecture, verifying the proposiltion A by
putting that kmowledge inlo practice is the same as reducing the
proof Lo introducltory . lorm and deleting the last, introduclory
inference. Moreover, Lhe way of rcducihg the proof which corre-
sponds to the semantical éxplanatiqns, nobaply of Lhe elimination
rules, is precisely the way that I utilized for the first time in
my paper on iterated induclive-deflinitions in Lhe Proceedings of
the Sccond Scandiﬁavian Logic Symposium, although mercly because
of its naturalness, not for any fenuine semanbical reasons, at
that time, Bul no longer do we nced Lo prove anything, that is,
no longer do we nced to prove metamathematically that the proofl
figures, di;estcd of scnse, rcduce to introductory form. Inspcad
of proving it, we endow Lhe proof figures with sense, and then

we see it! Thus the definition of convertibility, or comput-
ability, and bhe.proof of normalization have been Lransposecd into
genuine scmantical explanations which allow you to sce this, just
as you can see consislency semantically. And this is the point

"that I had intended to reach in Lhese lectures.



