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A TYPE-FREE SYSTEM FOR CONSTRUCTIVE METAMATHEMATICS

Gerard R. RENARDEL DE LAVALETTE

. My 'system of reference' is HA (Heyting's arithmetic), an in-

tuitionistic version of Peano's arithmetic with constants for
all primitive recursive functions on IN.
Tn HA we can define the 'Kleene~bracket' notation for general

recursive functions:
{e}(x) =y < HZ(T(e;x,z) AUz =y).

This yields a paitial application {e}(x) between numbers. To
formulate this more abstractly we use a new theory APP, in-

spired on work by Feferman.

. APP is about objects (not only numbers).

Constants: Lthose for combinatory logic: k,s,p,pl,pz;

those for WN: 0,S,Pd(predecessor), A(def. by cases).
Terms: constants, variables; s,t terms = st term.
Prime formulae: s=t, te IN.
Axioms and rules: those for intuitionistic logic, combinatory

logic and for NN (including induction) .

We can define A-abstraction, so also recursion in APP, hence
HA is a suBtheory of APP.
To show that APP is comnservative over HA, we try to interpret
APP in HA by xy=2z P {x}(y) =z. At first sight this works
well: we can find godelnumbers for all the constants of APP.

However, we do hot have Vxy3z {x}(y) =2z

. To make the interpretation indicated above &0 through, we need

logic of partial existence with a predicate E: Et means 't
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exists'.
Axioms: Ex for all free variables, Ec for all constants;
P(t) - Et (P prime, t occurs in P);
A(t) ALt » FxA(x); VxA(x) AEL ~» At.
The last two axioms express that the quantifiers range over
existing objects.
Using this logic we can weaken APP to APPE, which is conser-

vative over HA.

.- Although APP is essentially strénger than APPE (for APPE H
Vxydz xy =z, by the interpretation of APPE in HA), both theo-'
ries prove the same arithmetical theorems. This can be shown
by extending term reduction and the normal form theorem for
combinatory logic to APP, and formalizing this in APPE.

As a consequence we have: APP conservative over HA.

- As might be inferred from the above, my main interest lies in

interpretations and conservation results. A short general dis-

cussion follows.

Theories T are identified with their sets of theorems {A!fl—-A}.

We call T, > T,k conservative over T, [w.r.t. the set S of for-

mulae] if

for all A [eS]: TZF—A~$ T]}—A.

Notation: T, »T. [T, %.T.. we : E
I 2}- I [12%5 I]J. So e.g. we have APP >a-rithm
Now a general proof method is: find an interpretation

: T2—9T], i.e. a translation satisfying
T,A ST A

and take S :={A Ile~A*—9A};-then TZ?BH%.

APPT  HA.
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if 6. Let us consider realizability, an interpretation of APP into

itself defined by

trP =P for P prime

trAAB pltEAkApztzzB
trAvB = p]teNA(p1t=O—>p2t£A) A (plt#Oﬁpzth)
'tEAﬁB==de£A*txgm
‘Lt rVxAX = Vx tx 1 Ax
trdxAx = PZtEA(l)lt)
Now the following holds:
APP + AC A <> APPI-trA for some term t,

where AC is the axiom scheme

vx(A(x) »3yB(x,y)) - I¥Vx(A(x) »B(x,fx)),

A negative, i.e. v,d-free.

So we have APP +AC">SAPP with S={A|APPF3x x rA—A}; it is

not difficult to show that S contains all negative formulae.

€ .
. We can get more, however: extend APP to APP~ by adding con-

stants €, (A arithmetical) with axioms
InA(m,n) - A(m,eAnO.

Now APP® -Ae 3x xr A for all arithmetical A, so

- £ . . . ; .
+ . PP, g © an inter-
~APP + AC '>Er1thmAIP Using forcing in thz form of an 1inter
. ~ Y S 5 .
pretation of APP® into APP we can show APP :zzitmnAPP’ S0
we have

APP + AC > o AP, hence APP + ACT >-HA.

. In APP +AC we have found a theory which is, because of its

flexibility, its expressive power and its being conservative "

over HA, very apt for constructive metamathematics.
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It is e.g. possible to treat the objects of APP as choice

sequences and to define an elimination translation (in the
sense of Kreisel-Troelstra) without the trouble of having to

code functionals by functions.

9. APP +AC 1is also maximal in some sense, in view of the follow-
ing facts:
i) APP + ACH L ; here AC is AC without the restriction on A.
i1) APP-*ACi+(VTW-47ﬁV) ~1; so a fortiori APP~+Ab_ conflicts
with classical logic.
i iii) APP +AC +IP(N) F=L1; IP(N) is <ndependence 04 premises
i for N:

(A>3nBn) - In(A-Bn) for negative A;

obser&e that (A-3xBx) - Ix(A-Bx) is derivable in APP +AC

for négative A.




