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ON THE ABSTRACT MODEL THEORETIC NEIGHBOURHOOD
OF THE LOGICS OF COMPUTER LANGUAGES 1.
COMPACTNESS

ANTONIO VINCENZI

Aims. The logics of computers languages split into two classes:
the programming logics, which are theoretically implementable,
and the logies of programs, which express some properties of the
computers languages; The aim of this study is to isclate some re-

lations between the compactness properties of such logics.

Basics. Referring-to [BF] for the properties:of the classic lo-
gics, we note that many logics of computers languages don't fall
into this framework (see [Vi] for the particulaires). %hence,
throughout this paper, a logic £ = (Vbc S5tr ’St€g7’hf§?) can
be not regular and can have (<) a semantic domain strictly con-
tained in the first-order one, (ZZ) a syntax which does not allow
all the first—orderlsentences, and (777) a satisfaction relation’
which does not satisfy the reduct, atom, negétion, substitution,
and relativization properties.kLet us look at some new properties

for such logics.

(RT) A logic % is recursion-theoretic if (i) for every recursi-
ve first-order L-structure §%Ull there-is an ¥ —vocabulary
HDL and an ﬂgf—structure {u+ such thatfﬂQI+ﬂrL = &), ana
(?i) for every recursive Lﬁé—structure72£, Thww(nexﬂ) =
ThﬁF(QL)rWStcmw(L). (see [BF, XIX.2] for the notations.)

(cS) A logic & (with dependence number < k) has the code struc-

ture property if for every ¥-—theoxy T = {¢a|a<:x} relati-
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ve to a vocabulary L = {ch,fm,Rnlh,m,n<w} and for evexy

i < — =
collection {QIB|B k} of.¥—models Q,(B AB’ah’fm’Rn
(hymyn<uw)) of TB = {*Pa|oz< B}, B<«k (of cardinality w=«),
there is an ¥—code structure, i.e. an F—structure SQ !

which satisfies the following conditions:
(1) 8 = H, <,c0,0,a;,F,,F, (8<x, hymn<w)),

(2) there is.an isomorphism 7:{ field (<), <) = (k,<)

such that i(cB') = B,

(3) if x€A\field(<) then glx) = B<k,

4) {{z|gx) = B},ah,fm(cB,—,...,—),Rn(cs,—,...v,—)

(hymyn<w)) = AU

2 for every B<k.

(TOT) A logic & expresses the totality if given.a function sym-
bol f, there is an f—vocabulary L2{f} and a set ®(f) of
Lz,—sentences such that (Z) ®(f) has a countable F—model
and (ZZ) R is a countable ¥—model of &(f) iff % is a to-

tal recursive function.

(W"I‘OT) A logic X expresses weakly the totality if given a function
symbol f, there is a constant symbol ¢, an HF—vocabulary
L2{f,c}, and a set ®(f) of Lg—sentences such that (7)
®(f) has a countable F—model and (Zi) @2 is a countable
Pmodel of ®(f) iff f7Mt™|t is a closed L—term} is a to-

tal recursive function (on {tmlt is a closed L—term}).

ck 2w
. Q <
Examples Fo;in_ft’ww, ‘g)wlw’ ¥, .waw( 0), and wa(m, ) see
[BF, 1I]. 'S'pwm is the first-order logic restricted to the finite
structures (see [Gul) and QZZ is the first-order logic restricted
ar
to the reachable ones. & ¢ is the logic with relational varia-
bles where these variables range over r.e. relations.,?’mw( Qré) and
£ (Q* ) are the logics in which the {1,1)-quantifiers @ and
ww re re

Q;e are defined respectively by
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I6= Q= yei,y) iff {(a,b)€A’[1UlIk=vla,b]) is r.e.

1A= Q;e zy0iz,y) iff (1% r¥)|t,r are closed terms
such that [UlE=¢i,r)} is r.e.

ft’e is the effective logic (see [Vil). Mtd is the non-standard

dynamic logic introduced in [ANS]. For this logic we have

(RT) (CS) (TOT) (WTOT)
’?ww yes yes no no
ck
_gfm L0 yes yes no no
'g’ww( Qp) yes yes no no
"S'pmw( w,<) yes yes no no
2w
& yes yes no no
2re
& yes yes yes yes
’?wm( O‘re) yes yes yes yes
. *
%m‘ore) yes yes no yes
,% yes no yes no
_gzi yes no no no
_g?f n no no es es
W Y Yy
:M;t d no yes no no

Some abstract model-theoretic results. Recalling that wK(.Sf’) is
the well-ordering number of £, that m?k is the first non-recursi-
ve ordinal, and that £ is Rg—compact if every countable #—in-
consistent set of Y—sentences has a finite.¥—inconsistent sub-

set, we have:

Result 1. IFf & obeys to relativization, (RF) and (CS), then the

following are equivalent:
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(1) MSO(Y) = w.

(21) ¥ is Rg—compact.

Result 2. If & is a recursion-theoretic logic and x is an infini-

te cardinal, then the following are equivalent:

(1) & expresses the totality with a set of at most k. sentences.

(i) w (&) > mfk;

Result 3. ¥ (Q* ) expresses weakly the totality but does not
ww  re

characterize (w,<).

Result 4. If a recursion-theoretic logic F expresses weakly the
totality with a countable set of P—sentences, then L is not

N o—compact.

Note. The above results fall in a join research of the author with
J.A. Makowsky of the TECHNION — Israel Institure of Technology of

Haifa.
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