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ON THE ABSTRACT MODEL-THEORETIC NEIGHBOURHOOD
OF THE LOGICS OF COMPUTERS LANGUAGES II.
BASIC PROPERTIES

ANTONIO VINCENZI

Aims. The logics of computers languages (i.e. the logics of pro-
grams and the programming logics) generally does not fall into the
usual abstract model-theoretic definition of "logic" (see [BF I.3
and I7.1]). The aims of this study are (Z) the analysis of this
fact and (ZZ) the evaluation of its impact on the relationships

between the properties of logics.

Examples. First we list some crucial examples of logics of compu-
..

ters languages.

§€£zn := ‘the first-order logic restricted to the

finite structures (see [Gul).

pe = the logic Nornwm restricted to the coun-

table reachable structures.

5?33 := the first-order logic restricted to the
countable reachable structures.
ﬁ% :=  the effective logic (i.e. the logic defi-

ned on the countable reachable structures

by a forcing relation which forces the r.

e. basic sentences only; see [Vil).
The usual basic properties and the logics of computers languages.
Referring to [BF, I7.1,XIX.2] for the definition of the basic pro-
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perties of model-theoretic logics, we have

fin’ re

£ ww pe Luw %
Lsomoyphism yes yes yes yes
renaming yes yes yes yes
reduct yes no no no
atom N ) yes yes yes no
- closure yes no yes yes
A —closure yes yes yes yes
3 - closure yes yes yes yes
substitution yes no no no
relativization yes yes yes no

Thus in the. abstract model-theoretic neighbourhood of the logics
of computers languages, the notion of "logic" cannot be defined by
using the reduct, atom, and “l-closure properties. (Compare with

[BF,XIX.2 and XIV.5].)

Other basic properties. Let % be a logic (possibly a logic of com-
puters languages) and let L,H,K be #-vocabularies. Then H occurs
in ¢ if, for every K, v € #[K] implies HCK. ¢ depends (only) on
H if, for every KDH and every U, & Estxfsf,(K) , KK = BiH in-
plies UtHEg o iff BlHEge.

oce():= the smallest cardinal k such that, for every
P-sentence ¢, the vocabulary H which occurs
in ¢ has cardinality < « (or.°° if no such «

exists).

dep(¥):= the smallest cardinal k such that, for every
P-vocabulary H and every ¢ €E£[H], there is
an Y-vocabulary LCH of cardinality < k and
a sentence YE.LTL] which is $-equivalent
to ¢ and depends only on L (or = if no such

x exists).

T
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P is occurrence normal if, for every ¥ € L[L] which depends only
on HCL, there is a VEX[H] ‘.S,”—equivalent to ¢. % has understoods
if there is an %-sentence which has an occurrence vocabulary stric-
'tly contained in its dependence vocabulary. £ is regular if has
all the usual basic properties. .2 is [weaklyl monotonic if, for

every set P, ¥ of #-sentences [with the same occurrence vocabula-
ryl, ®CV¥ implies Thip(q)) EThz,(‘l’) . .

Results. The position of the above properties in the abstract model-
~-theoretic neighbourhood of the logics of computers languages is

partially specified by the following results.

Result 1. Let ¥ be a logic with substitution such that dep(¥) <
oce(¥). Then there is a logic ¥* with dep(¥L*) = oce(¥L*) which
18 equivalent to £.

Result 2. Let & be a logic with reduct. The ¥ s a logic without
understoods such that dep (L) < oce(¥)-

Result 3. Every A-closed logic has a non-reachable structure.
Result 4. Every compact logic has a neon—reachable structure.

Result 5. <, and _QZZ are two weakly monotonic but not monotonic

logics.

Result 6. Every logic with the Robinson consistency property is

monotonie.

In particular, we have that the logic .S,”ZZ has nor the compactness
neither the A- closure properties. Thus the restriction to the rea-
chable structures generates the same problems of the restlfiction to
the finite ones (compare with [GU]). The relationships between com-
pactness and monotonicity on one hand, and between regularity and

monotonicity on the other, are still unknown. Hence keeping in mind

the results contained in [BF, XVIII, XIX], we have the situation
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pictured in the following schema

Robinson
I interpolation

1 l compactness
A- closure [ Beth L
N 7/

/

h
substitution 4! monotonicity]

4

occurrence
normal

regularity [ weak monotonicity]

l
I reducq__,[ deli(;ﬁp) T OGC(.?)J

s
elimination of /’ [ finite occurrence]
A

function symbols ’

s
Ve

d ¥
[ not understoodsl

rcode structur;}— ————— .»[ not reachable structures only]
(where — = =~ 2 means "open").
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