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In this paper we focus on MV-algebras, and in particular on the varieties of MV-algebras
generated by a single non-simple MV-chain.

Recall that MV-algebras are algebraic structures which generalize Boolean algebras in the
sense that the sum is not idempotent. In the same way as Boolean algebras are the alge-
braic counterpart of two-valued logic, MV-algebras are the algebraic counterpart of  Lukasiewicz
many-valued logic. Hence MV-algebras are useful for reasoning about vague or fuzzy properties,
like “being tall”, “being young”, etc. MV-algebras are also used in applications, for instance
economy, immunology and artificial intelligence. Like in Boolean algebras, the value 1 repre-
sents the true event and the value 0 represents the false event. MV-algebras then have other
values representing intermediate events. Unlike Boolean algebras, MV-algebras can have in-
finitesimals. We can say that an infinitesimal element represents an “almost false event”, and
a co-infinitesimal element, the negation of an infinitesimal, represents an “almost true event”.
More generally we can consider elements infinitely near a fixed truth value.

In [11] we have an example of appearance of infinitesimals in logic: in first order fuzzy logic,
the formulas which are true but not provable are coinfinitesimals in the Lindenbaum algebra.

In this work we want to deal with infinitesimals in the field of many-valued logic. We study
some varieties of MV-algebras generated by one chain, which are the algebraic counterpart of
some axiomatic extensions of  Lukasiewicz logic. Our claim is that, in these varieties, infinites-
imals occur only in a “controlled” sense, so MV-algebras in these varieties behave similarly to
MV-algebras without infinitesimals (that is the semisimple ones).

In [2] and [9] we have another crucial application of infinitesimals: every MV-algebra embeds
in a power of ultrapower of [0, 1], and the difference between [0, 1] and its ultrapowers lies in
the extra infinitesimals.

In [5] Komori introduces super- Lukasiewicz logics, providing an algebraic description. An
axiomatic description of these algebras, which are non-simple MV-chains, is presented in [3].
We characterize and describe free objects in varieties generated by these algebras with ad
hoc domains and in the spirit of universal algebraic geometry, providing categorical dualities
between algebraic structures and geometrical objects. Literature shows the relevance of one
chain generated varieties, non-simple MV-chains, free MV-algebras and dualities, e.g. see [1, 4,
8, 10].

Among the fundamental structures considered in this paper are the MV-algebras

Km = Γ(Z×lex Z, (m− 1, 0))

and
∆m = Γ(Z×lex R, (m− 1, 0)),

where ×lex is the lexicographic product of groups and Γ is Mundici’s functor (see [6]).
Given a set X of MV-algebras, we denote by V (X) the variety generated by X.
In [7], page 11, it is explained that “Rational polyhedra are the genuine algebraic varieties of

the formulas of  Lukasiewicz logic”. As a consequence, [0, 1] is important since rational polyhedra
are subsets of powers of [0, 1]. When one moves from  Lukasiewicz logic to extensions of this



logic, it is not clear whether we have a strict analogy. We propose the MV-algebra ∆m, which
consists of finitely many copies of the real half-line.

In this paper we give:

• a family of functors Tm between MV-algebras and V (Km)-algebras, sending finitely gen-
erated free MV-algebras into finitely generated free V (Km)-algebras;

• a Nullstellensatz in V (Km);

• a categorical duality between a class of so-called restricted V (Km)-algebras (equivalently,
finitely presented V (Km)-algebras) and a class of rational cones;

• a Wójcicki-type theorem;

• some logical and category-theoretic results on m-simple and m-semisimple MV-algebras
and related issues;

• a McNaughton type theorem for a certain logic named Lukm.
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 Lukasiewicz. The Journal of Symbolic Logic, 27(2):159–170, 1962.


