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Algebras of continuous functions on compact Hausdorff spaces play a central role in functional analysis, e.g. in the theory of commutative (complex, or real) C∗ -algebras. In fact, by
the Gelfand–Naimark theorem, the category of commutative unital C∗ -algebras is equivalent
to KHop , the opposite of the category of compact Hausdorff spaces and continuous maps. The
aim of this talk is to discuss two distinct, yet related, aspects of the category KHop .
The first one concerns its axiomatisability. It has long been known that KHop cannot be
axiomatised in various fragments of first-order logic, cf. [2, 1, 9]. Recently, these results were
improved to the effect that KHop is not axiomatisable in first-order logic—even if infinitary
conjunctions and disjunctions are allowed [5].
By contrast, considering all continuous functions between Tychonoff cubes
[0, 1]m → [0, 1]n ,
with m and n any cardinals, we obtain an algebraic theory in the sense of Lawvere–Linton [4, 6].
Its models are precisely the algebras of the form
C(X) := {f : X → [0, 1] | f is continuous},
for X a compact Hausdorff space. In [3], Isbell proved that, though infinitary, this algebraic
theory can be generated using a single operation of countably infinite arity along with finitely
many finitary operations.
The problem of axiomatising this algebraic theory was solved in collaboration with Vincenzo
Marra in [7], where a finite axiomatisation of a (necessarily infinitary) variety V equivalent to
KHop is provided. I shall outline the main ideas underlying this result; these rely to a large
extent on the theory of Chang’s MV-algebras, which are to Lukasiewicz many-valued logic as
Boolean algebras are to classical propositional logic.
The second aspect pertains to the logic counterpart to the algebraic theory of C(X). I shall
present an infinitary propositional logic L (given by a Hilbert-style calculus augmented with
an infinitary inference rule) that corresponds to the equational consequence relation associated
with the variety V, in the sense that a strong completeness theorem holds.
In the same way that, by Stone duality for Boolean algebras, the spaces of models of classical
propositional theories are the zero-dimensional compact Hausdorff spaces, the spaces of models
of L-theories are precisely the compact Hausdorff spaces.
I shall establish the Beth definability property for L and show it is equivalent to the Stone–
Weierstrass theorem for compact Hausdorff spaces. The second part of this talk is based on [8].
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