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Many problems in computer science can be reduced to checking satisfiability of ground formulae
w.r.t. a theory – which can be a standard theory (for instance linear arithmetic) or a complex
theory (for instance the extension of a base theory T0 with additional function symbols axiom-
atized by a set K of formulae, or a combination of theories). Existing SMT solvers are used for
checking satisfiability of ground formulae w.r.t. increasingly complex theories; the output can
sometimes be “unknown” if incomplete methods are used, or termination cannot be guaranteed.

Local theory extensions. In previous work [8] we studied local theory extensions, i.e. extensions
T0 ⊆ T0 ∪ K of a base theory T0 (over a signature Σ0) with additional function symbols in a
signature Σ1, whose properties can be axiomatised using a set K of Σ0 ∪ Σ1-clauses, with the
property that for every set G of ground Σ0∪Σ1∪C-clauses (where C is a new set of constants),
G is unsatisfiable w.r.t. T0 ∪ K if and only if G is already unsatisfiable w.r.t. T0 ∪ K[G], where
K[G] is the set of all instances of K in which all terms starting with a function symbol in Σ1 are
ground subterms occurring in K or G. In subsequent work [2, 4] we extended this notion to the
notion of Ψ-local extension, where Ψ is a closure operator on ground terms. Ψ-local theories
extensions can be seen as theory extensions T0 ⊆ T0 ∪ K with complete ground instantiation,
such that all the “extension” terms in the set of ground instances sufficient for completeness
are obtained from the ground terms occurring in K or G, using the closure operator Ψ. In
[4] we identified conditions under which the combination of two local extensions of a theory
T0 is again a local extension of T0 and extended such results also to Ψ-locality. If the closure
operator Ψ associates with every finite set of ground terms T a finite set Ψ(T ) of ground terms
and K is finite, then hierarchical reasoning is possible in Ψ-local theory extensions – i.e. testing
satisfiability of a set of clauses G w.r.t. the extension T0 ∪ K can be reduced to checking the
satisfiability w.r.t. T0 of a set of clauses G0. If in addition |Ψ(T )| ≤ f(|T |), where f is a
computable function, then the size of G0 can be estimated using the function f . If for every set
G of ground clauses the set G0 of clauses obtained this way is always guaranteed to belong to
a decidable fragment of T0, then satisfiability of ground clauses w.r.t. T0 ∪K is decidable. The
method for hierarchical reasoning in local theory extensions was implemented in H-PILoT [3].

However, more interesting is to go beyond yes/no answers. In verification it might for instance
be interesting to consider parametric systems and infer constraints on parameters (which can
be values or functions) which guarantee that certain properties of the systems are met.

Symbol elimination in local theory extensions. For solving such problems, in [9, 10] we proposed
a property-directed symbol elimination method and analyzed its properties. We devised a
hierarchical method for symbol elimination in extensions of a theory T0 which allows quantifier
elimination, which given as input:

(i) a theory extension T0 ⊆ T0 ∪ K with set of extension functions Σ1 satisfying a finite set
of universally quantified clauses K;

(ii) a subset of function symbols Σpar ⊆ Σ1 considered to be parameters;

(iii) a set G of ground ΣC = Σ0 ∪ Σ1 ∪ C-clauses (where C is a new set of constants);

(iv) a set T of ground ΣC -terms (containing all subterms of G starting with a function symbol
in Σ1);



performs a hierarchical reduction, uses quantifier elimination in T0 to eliminate all extension
function symbols in Σ1 which are not in Σpar, and constructs a universally quantified Σ0 ∪Σpar-
formula Γ with the property that T0∪K∪Γ∪G is unsatisfiable. (If T0 does not allow quantifier
elimination, but has a model completion T ∗

0
which does, quantifier elimination in T ∗

0
can be

used instead.) The method has been implemented in SEH-PILoT [5], an extension of H-PILoT.
We proved that if (i) T0 allows quantifier elimination, (ii) T0 ⊆ T0 ∪ K is a local theory

extension (with an additional property) and (iii) T is the set of all ground terms of K or G

starting with an extension function in Σ1, then the formula Γ obtained with the method above
is the weakest universal formula with the property that T0 ∪ K ∪ Γ ∪G is unsatisfiable.

Applications. We used this method for symbol elimination in various areas:
• for ground interpolation in theory extensions [9, 10];

• in the verification of (parametric) systems: (i) for generating constraints on parameters
describing additional conditions under which certain safety properties are guaranteed to
be inductive invariants [11]; and (ii) for iteratively strengthening certain safety properties
to obtain inductive invariants of a system [6];

• in problems arising from wireless research theory [7]. There, we combined general second-
order symbol elimination (which we used for eliminating existentially quantified predi-
cates) with property-directed symbol elimination (which we used for obtaining conditions
on “parameters” under which formulae are satisfiable or second-order entailment holds).
For second-order quantifier elimination we used a form of hierarchical ordered resolution;
for symbol elimination we used the hierarchical method mentioned above.

We would like to better understand the links between our results and a form of symbol elimi-
nation studied in relationship with uniform interpolation in [1] and subsequent papers.
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